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Abstract
We study the entanglement entropy of theories that are derived from relevant per-
turbation of given CFTs for regions with a singular boundary by using the AdS/CFT
correspondence. In the smooth case, it is well known that a relevant deformation of the
boundary theory by the relevant operator with scaling dimension ∆ = d+22 generates
a logarithmic universal term to the entanglement entropy. As the smooth case, when
the boundary CFT deformed by a relevant operator, we find that the entanglement
entropy of singular surface also contains a new logarithmic term which is due to rele-
vant perturbation of the conformal field theory, and depends on the scaling dimension
of relevant operator. We also find for extended singular surfaces, cn × Rm, as well as
logarithmic term, the new universal double logarithmic terms may appear depending
on the scaling dimension of relevant operator and spacetime dimensions. These new
terms are due to relevant perturbation of the boundary theory.
PACS numbers: 03.65.Ud, 11.25.Tq
Keywords: Holographic Entanglement Entropy, AdS/CFT duality,
1 Introduction
The entanglement structure of a quantum system can be quantified by the entangle-
ment entropy which is applied in diverse ranging quantum systems [1, 2, 3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 13, 14]. In quantum field theory, it is defined for a spatial region A as
Von Neumann entropy of reduced density matrix ρA, S = −Tr(ρAlogρA), in which the
reduced density matrix defined with tracing out the degrees of freedom of the comple-
mentary region A¯ of A, ρA = TrA¯(ρ). The boundary of A is called the entanglement
∗Email: ghasemi.mg@gmail.com
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surface Σ = ∂A. In the vacuum state of a d- dimensional CFT, the entanglement
entropy for a smooth entangling surface takes the form [15]
SEE = cd−2
Rd−2
δd−2
+ cd−4
Rd−2
δd−4
+ ...+
{
c1
R
δ
+ (−1) d−12 s(Σ)univ + ... d odd
c2
R2
δ2
+ (−1) d−12 s(Σ)univ log Rδ + ... d even
(1.1)
where R is the characteristic size of the entangling surface Σ, ci’s are the scheme depen-
dent coefficients, and the leading divergence is the well-known area law term [16, 17].
s(Σ)univ is R- independent constant and gives the universal part of the entanglement
entropy. But, in general, it depends on the shape of the entangling surface. In even
dimensions, s(Σ)univ appears as coefficient of logarithmic term and is universal in the
sense that is independent of regularization scheme. Typical computation shows that
the coefficient of logarithmic term is a linear combination of the central charges which
appear in the trace anomaly of the CFT [10, 12, 18, 19, 20, 21, 22, 23, 24].
In the case that there is a singularity in the entangling surface, the entanglement
entropy contains an additional singular term which is universal. For example in d = 3
dimension, the EE is given by
SEE = β
H
δ
− a(Ω) log(H
δ
) +O(1), (1.2)
in which Ω is the opening angle, β is a non-universal constant, and H is the size of
the entangling surface. The appearance of a new logarithmic term is due to corner
shape of the entangling surface and the coefficient a(Ω) gives the universal part of the
EE [25, 26, 27, 28, 29, 30, 31]. Similar terms appear in higher dimensional entangling
singular surfaces [32, 33]1.
The importance of these universal terms is that their coefficients encode the uni-
versal data of the underlying quantum field theory.
One of the nice approaches to computation of entanglement entropy is laying in
holographic context. According to holographic prescription [11, 12], the entanglement
entropy of a sub-region A in boundary theory is given by
SEE =
Area(γ)
4GN
(1.3)
where γ is the bulk minimal surface which is homologous to that of V and ∂γ matches
the entangling surface ∂A in the boundary. The above formula holds in the case that
the bulk physics is described by the Einstein gravity.
There are similar stories on the EE of the relevant perturbed conformal field theories
[15, 41, 42, 43, 44, 45, 46, 47, 48]. As is well known, relevant perturbation of a conformal
field theory induces a universal logarithmic term in the entanglement entropy, either
from the field theoretic calculations in [41, 43, 44, 45] or the holographic computations.
In holography, the dual picture of a relevant perturbation corresponds to a massive
scalar field in the bulk which can deform the background from a pure AdS space to an
asymptotically AdS. The scaling dimension of the relevant operator is related to mass
1There are other related works in other background and context[34, 35, 36, 37, 38, 39, 40].
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of the scalar field. It has been shown in [42] that in the first order of perturbation only
for dimension ∆ = (d+2)/2 the SEE receives a universal logarithmic term proportional
to the scaling parameter. It is interesting to study the effect of relevant perturbation on
the entanglement entropy of a singular region. In [48], we considered a 3 dimensional
CFT on the boundary of an asymptotically AdS space which is perturbed by a massive
scalar field and derived the entanglement entropy for a singular entangling surface
by the Ryu-Takayanagi prescription [10, 11]. We found two independent universal
logarithmic terms: One for the corner contribution to SEE and the other due to the
relevant perturbation at dimension ∆ = (d+ 2)/2.
In this article, we extend our previous work [48] and study the effect of relevant
perturbation of CFT on the entanglement entropy of higher dimensional singular re-
gions including cn, k×Rm and cn ×Rm, which is possible when either the intrinsic or
extrinsic curvatures have singularities [32]. In considering these geometries, we suppose
that the background geometry is flat Rd, and write the metric in Euclidean signature
as
ds2 = −dt2 + dρ2 + ρ2(dθ2 + sin2 θdΩ2n) +
m∑
i=1
(dxi)2, (1.4)
where dΩ2n denotes the metric on a unit sphere S
n, and d = 3 + n+m. The entangle-
ment entropy of a conformal field theory in vacuum contains a universal term for the
singular entangling surface. Here we consider the holographic entanglement entropy of
a relevant perturbation of a conformal field theory for these geometries, and identify
that for d- dimensional relevant perturbed conformal field theories there are new uni-
versal logarithmic terms which depend on choosing the scaling dimension of relevant
operator.
By the AdS/CFT correspondence, the relevant perturbation of boundary theory,
with scaling dimension ∆ < d, is described by turning on a scalar degree of freedom
in the bulk. Then the geometry is asymptotically AdS in the presence of scalar field
[42, 49, 50]. So, we use the following bulk metric,
ds2 =
L2
z2
(−dt2 + dρ2 + ρ2(dθ2 + sin2 θdΩ2n) + dz2 +
m∑
i=1
(dxi)2), (1.5)
for pure AdS spacetime, while for asymptotic AdS spacetimes the following bulk metrics
ansatz
ds2 =
L2
z2
(−dt2 + dρ2 + ρ2(dθ2 + sin2 θdΩ2n) +
dz2
f(z)
+
m∑
i=1
(dxi)2), (1.6)
where f(z)→ 1 as z → 0. For a source deformation and near the boundary, f(z) can
be expanded as
f(z) = 1 + µ2αz2α + · · · , z → 0 (1.7)
where µ is some mass scale2, and α is a positive constant where for a source deformation,
we have α = d − ∆ in the standard quantization d/2 < ∆ < d, and α = ∆ in the
2Since the only dimensionful parameter is the coupling λ of the relevant operator, the dimensional analysis
yields µ ∼ λ1/(d−∆) [42, 46].
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alternative quantization d/2− 1 < ∆ < d/2. ∆ is the scaling dimension of the relevant
operator3.
This paper is organized as follows. In section 2, we review the holographic entan-
glement entropy of geometries in the form cn, k×Rm and cn×Rm in AdS background.
In section 3, we derive holographic entanglement entropy of these geometries in AAdS
backgrounds which corresponds to the relevant perturbation of the CFT. In the last
section, we discuss and conclude our results.
2 Holographic Entanglement Entropy of Crease
in pure AdS background
In this section, we will review the entanglement entropy of the singular regions in the
form cn, k×Rm and cn×Rm for holographic CFTs that dual to Einstein gravity [32].
First we review the entanglement entropy of creases cn×Rm, then we consider k×Rm
and cone cn.
2.1 Crease cn × Rm
In this subsection, we review the holographic entanglement entropy for singular sur-
faces in the form of cn × Rm in the anti-de Sitter space time background in arbitrary
dimension. The metric is given in (1.5). The geometry of crease cn ×Rm is defined by
θ ∈ [0, Ω2 ] and ρ ∈ [0,∞]. We denote the coordinates over the bulk minimal surface by
σ = (z, θ, ξi, xj), where ξi’s are coordinates on sphere Sn, and xj ’s are on Rm. Due to
rotational symmetry along the sphere Sn, we parameterize the bulk minimal surface
as ρ = ρ(z, θ). So the induced metric on the entangling surface in time slice t = 0
becomes
ds2 = γabdx
adxb
=
L2
z2
((
ρ
′2 + 1
)
dz2 + 2ρ′ρ˙dzdθ + (ρ˙2 + ρ2)dθ2 + ρ2 sin2 θdΩ2n +
m∑
i=1
(dxi)2), (2.1)
γij =

L2
z2
(
ρ
′2 + 1
)
L2
z2
ρ′ρ˙
L2
z2
ρ′ρ˙ L
2
z2
(ρ˙2 + ρ2)
L2
z2
sin2 gab(S
n)
L2
z2
. . .
L2
z2

so that
√
γ =
Ld−1
zd−1
ρn sinn θ
√(
ρ′2 + 1
)
ρ2 + ρ˙2, (2.2)
3In the case for which ∆ = d/2, we should replace µ2αz2α in (1.7) by (µz)d(log(µz))2.
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By the RT prescription, the entanglement entropy is derived as
SEE =
1
4GN
∫
dσ
√
γ =
Ld−1ΩnH˜
m
4GN
∫
dzdθ
ρn sinn θ
zd−1
√
(ρ′2 + 1)ρ2 + ρ˙2 (2.3)
where Ωd−3 is the area of (d−3)−sphere, H˜m is volume ofm-dimensional space, ρ˙ = ∂θρ
and ρ′ = ∂zρ. In the integration over x
i’s we have used the IR cut-off xi ∈ [− H˜2 , H˜2 ].
From the entropy functional we can find that the equation of motion of ρ(z, θ) to be
z sin θρ2(ρ2 + ρ˙2)ρ′′ + z sin θρ2(1 + ρ
′2)ρ¨− 2z sin θρ2ρ′ρ˙ρ˙′ + nz cos θρ˙((1 + ρ′2)ρ2 + ρ˙2)
− z sin θρ((n+ 1)(1 + ρ′2)ρ2 + (n+ 2)ρ˙2)− (d− 1) sin θρ2ρ′((1 + ρ′2)ρ2 + ρ˙2) = 0
(2.4)
where ρ¨ = ∂2θρ, ρ
′′ = ∂2zρ and ρ˙
′ = ∂θ∂zρ. Once again, due to scaling symmetry we
make the following ansatz:
ρ(z, θ) =
z
h(θ)
(2.5)
so the entropy functional takes the form
SEE =
Ld−1ΩnH˜
m
2GN
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ
[sinn(θ)ρn√ρ2(1 + ρ′2) + ρ˙2
zd−1
]
=
Ld−1ΩnH˜
m
2GN
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
(2.6)
in which, h0 = h(0), z = δ is UV cut-off, hc = h(
Ω
2 − ǫ), h˙ = ∂θh, and h˙0 = 0. Note,
in the second line we have changed the integration over θ to the integration over h.
Using this entropy functional, we find the equation of motion for h
sin(θ)h(1 + h2)h¨+ sin(θ)(nh2 + d− 1)h˙2
+ n cos(θ)hh˙(1 + h2 + h˙2) + sin(θ)(1 + h2)(d − 1 + (n+ 1)h2) = 0, (2.7)
In order to identify various divergence structure that may be appeared, we must
find the asymptotic behavior of integrand of (2.6) in terms of h, where h→ 0. To do so,
we make a change of variable y = sin(θ) and independent variable from θ to h, and find
the equation of motion of y = y(h). Using the relations h˙ =
√
1−y2
y˙(h) , h¨ = −yy˙
2+(1−y2)y¨
y˙3
,
we reach to the following equation
h(1 + h2)y(1− y2)y¨ − (1 + h2)(d− 1 + (n+ 1)h2)yy˙3 + (1 + h2)h((1 + n)y2 − n)y˙2
− nh(1− y2)2 − (nh2 + d− 1)y(1 − y2)y˙ = 0 (2.8)
where y˙(h) = dy
dh
and y¨(h) = d
2y
dh2
. Now, by solving this equation perturbatively in
terms of h near the boundary, where h is small with boundary condition y = sin(Ω2 ) at
h = 0, we find that
y = sin(
Ω
2
) +
n cos(Ω2 ) cot(
Ω
2 )
4− 2d h
2
−
n csc5(Ω2 )
[(
(d− 2)2 − 2n
)
n+
(
2(d− 2)2 − (d− 2)dn + 2n2
)
sin2(Ω2 )
]
sin2(Ω)
32(d − 4)(d− 2)3 h
4 + ...
(2.9)
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Of course, this should be modified in d = 4 and other even dimensions for which we
generate the solution for y in the Appendix A and show that it includes logarithmic
terms. Near the boundary, the integrands of entropy functional (2.6) in the asymptotic
limit behaves as4
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
∼ −sin
n(Ω2 )
hn+2
+ Pn
1
hn
+ Pn−2
1
hn−2
+ Pn−4
1
hn−4
+ · · · , (2.10)
where a few coefficients P ’s are found in the Appendix B. Substitute this expansion in
the entropy functional (2.6):
SEE =
Ld−1
2GN
ΩnH˜
m
(
I1 + I2
)
, (2.11)
where I1 and I2 defined as below:
I1 =
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
[
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
+
sinn(Ω2 )
hn+2
−
∑
i=0
P(n−2i)
hn−2i
]
, (2.12)
and
I2 =
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
[
− sin
n(Ω2 )
hn+2
+
∑
i=0
P(n−2i)
1
hn−2i
]
. (2.13)
We differentiate these terms with respect to UV cut-off δ and look for various divergent
terms. With some manipulation, we find that
dI1
dδ
= − 1
δd−n−2
∫ 0
h0
dh
[ sinn(θ)√1 + h2 + h˙2
h˙hn+2
+
sinn(Ω2 )
hn+2
−
∑
i=0
P(n−2i)
1
hn−2i
]
= − 1
δd−n−2
∫ 0
h0
dhJ1(h). (2.14)
where we define:
J1(h) =
[sinn(θ)√1 + h2 + h˙2
h˙hn+2
+
sinn(Ω2 )
hn+2
−
∑
i=0
P(n−2i)
1
hn−2i
]
. (2.15)
In order to single out log terms in I2, we note that in dI2/dδ, there are two con-
tributions to powers of δ which are from z and h integrations, respectively. When
both d dimension and n are even, there is always a 1/δ in dI2/dδ corresponding to
P(n−d+4) = P(1−m) term by choosing 2i = d − 4. Then we find the entanglement
4as explained in the appendices, in even dimensions, the logarithmic terms in the y solution induce some
logarithmic terms in the following expansion. However, they are less singular and do not contribute to
the entanglement entropy. These logarithmic terms would be important in the relevant perturbation of the
theory in the next section.
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entropy to be,
SEE =
Ld−1ΩnH˜
m
2GN
[
sinn(Ω2 )
(n+ 1)(d− 2)
Hn+1
δd−2
− ǫd
P(1−m)
mHm
log(
δ
H
)
−
′∑
i=0
P(n−2i)
(n− 2i− 1)(d − 2i− 4)
Hn−2i−1
δd−2i−4
+
(∫ 0
h0
dhJ1(h) + F (h0,Ω)
) 1
mδm
]
(2.16)
where we introduce the following parameters
ǫβ ≡ 1
2
(1 + (−1)β),
ǫ¯β ≡ 1
2
(1− (−1)β). (2.17)
The prime over summation means excluding 2i = d− 4 and we have replaced d− n =
m+ 3 and define:
F (h0,Ω) =
− sinn(Ω2 )
n+ 1
1
hn+20
+
∑
i=0
P(n−2i)
n− 2i− 1
1
hn−2i−10
(2.18)
As we see in (2.16) a logarithmic term appears. This is not due to singularity of
entangling surface but is due to the even dimension of spacetime [32].
When n is odd, irrespective of d be even or odd, a 1/δ term appears in I2 as follows
I2 =
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
[
− sin
n(Ω2 )
hn+2
+ ǫnP1
1
h
+
′∑
i=0
P(n−2i)
1
hn−2i
]
. (2.19)
where the prime over summation indicates excluding i = n−1 term. Now differentiate
these terms with respect to UV cut-off δ,
dI2
dδ
=− sin
n(Ω2 )
n+ 1
Hn+1
δd−1
+
′∑
i=0
P(n−2i)
n− 2i− 1
Hn−2i−1
δd−2i−3
− ǫn P1
δm+1
log(
δ
H
),
− 1
δm+1
( ∫ 0
h0
dhJ1(h) + F (h0,Ω)
)
(2.20)
Notice that as before the second term contains a 1/δ term by choosing i = d−4 when d
is even. In the third term, as long as m > 0, the 1/δ does not appear and we therefore
do not expect a double log term in the entropy. Finally we find
SEE =
Ld−1ΩnH˜
m
2GN
[
sinn(Ω2 )
(n+ 1)(d − 2)
Hn+1
δd−2
+
ǫnP1
mδm
(
log(
δ
H
)− 1
m
)
−
′∑
i=0
P(n−2i)
(n− 2i− 1)(d− 2i− 4)
Hn−2i−1
δd−2i−4
+
1
mδm
( ∫ 0
h0
dhJ1(h) + F (h0,Ω)
)
−ǫd
P(1−m)
mHm
log(
δ
H
)
]
(2.21)
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This generalizes our results for any n and d. Again the logarithmic term appears in
even dimension d. In conclusion, in any cases, odd or even dimensional flat locus, we
do not have double log term due to singularity of entangling surface, instead, we find
log term which is due to even dimension of spacetime [32]. As explicit example we can
consider two cases c2 × R1 and c1 × R2 in d = 6 dimensions. Explicit computations
shows that
Sc1×R2 =
L5πH˜2
GN
[sin(Ω2 )
8
H2
δ4
+
3(13 − 19 cos(Ω)) cot2(Ω2 ) csc(Ω2 )
8192H2
log(
δ
H
) + · · ·
]
(2.22)
and
Sc2×R1 =
L5πH˜2
GN
[sin(Ω2 )
8
H2
δ4
+
2(7 − 9 cos(Ω)) cot2(Ω2 )
256H
log(
δ
H
) + · · ·
]
(2.23)
As we see, the logarithmic term shows up.
In odd dimensional spacetime with odd or even flat dimensional locus, we do not
have any log term, and the effect of singularity is reflected in divergence term in the
form δn+3−d log(δ/H) [32]. As explicit example we can consider c1 × R1 in d = 5
dimensions,
Sc1×R1 =
L4πH˜
GN
[sin(Ω2 )
6
H2
δ3
+
cot(Ω2 ) cos(
Ω
2 )
9
1
δ
log(
δ
H
) + · · ·
]
(2.24)
Here, the logarithmic term due to adding flat locus disappears [32]. We must note
that, as was shown in [32], adding the curved locus, effect of singularity of entangling
surface are exhibited in terms of log or double log terms, depending on even or odd
dimensional spacetime as well as dimension of curved locus.
2.2 Cone cn
Now let us review the holographic entanglement entropy of the cone geometry cn in d-
dimensions. In following we focus on d = 4, 5, 6. Recalling the metric (1.5) with setting
m = 0. The cone geometry is defined by θ ∈ [0, Ω2 ] and ρ ∈ [0,H], where we introduce
H as the IR cut-off for the geometry. We parameterize the bulk minimal surface as
ρ = ρ(z, θ). So the induced metric on entangling surface in time slice t = 0 becomes
ds2 =
L2
z2
((
ρ
′2 + 1
)
dz2 + 2ρ′ρ˙dzdθ + (ρ˙2 + ρ2)dθ2 + ρ2 sin2 θdΩ2n
)
, (2.25)
In this case, the calculations goes the same as Eqs. (2.2) to (2.10) in cn ×Rm case
with m = 0 and n = d− 3.
It can be shown that in any odd dimension d we have a log term and in even d we
have a double logarithmic term in the entanglement entropy. In the following we show
this explicitly. Let us start with
I =
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ
[sinn(θ)ρn0√ρ20(1 + ρ′20 ) + ρ˙02
zd−1
]
=
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
(2.26)
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where n = d − 3 and ρ(z, θ) = z/h(θ). In order to identify the divergence terms we
expand the integrand near boundary in terms of h. We find that
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
∼ −sin
n(Ω2 )
hn+2
+ Pn
1
hn
+ Pn−2
1
hn−2
+ Pn−4
1
hn−4
+ · · · , (2.27)
Substitute this expansion in the entropy functional:
I =
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
=
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
[
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
+
sinn(Ω2 )
hn+2
− ǫnP1
h
−
′∑
i=0
P(n−2i)
hn−2i
]
+
∫ zm
δ
dz
zd−n−2
[sinn(Ω2 )
n+ 1
(
1
hn+1c
− 1
hn+10
) + ǫnP1 log(
hc
h0
)
−
′∑
i=0
P(n−2i)
n− 2i− 1(
1
hn−2i−1c
− 1
hn−2i−10
)
]
= I1 + I2 (2.28)
where I1 and I2 represent the first and second integrals, respectively. Note, in the
above expression, we extract out the 1
h
term in the expansion for odd n. This term
that leads to double log term and appears only in even dimension since n− i must be 1
and i is even so n is odd and d = n+3 even. Prime on the summation means exclusion
of i = n− 1. With these explanations we have:
dI1
dδ
= − 1
δd−n−2
∫ 0
h0
dh
[sinn(θ)√1 + h2 + h˙2
h˙hn+2
+
sinn(Ω2 )
hn+2
− ǫnP1
h
−
′∑
i=0
P(n−2i)
1
hn−2i
]
≡ − 1
δd−n−2
∫ 0
h0
dhJ1(h). (2.29)
where we have defined J1(h) as the integrand of the first line. Similarly, we derive
dI2
dδ
= −sin
n(Ω2 )
n+ 1
Hn+1
δd−1
+
′∑
i=0
P(n−2i)
n− 2i− 1
Hn−2i−1
δd−2i−3
− ǫn P1
δd−n−2
log(
δ
H
). (2.30)
Then, with substituting n = d− 3 in these expression, we find:
dI
dδ
=
dI1
dδ
+
dI2
dδ
= −1
δ
∫ 0
h0
dhJ1(h)−
sind−3(Ω2 )
d− 2
Hn+1
δd−1
+
′∑
i=0
P(d−2i−3)
d− i− 4
Hd−2i−4
δd−2i−3
− ǫdP1
δ
log(
δ
H
)
(2.31)
As we see, the logarithmic and power law divergences always appear in each dimensions.
But, the double logarithmic term appears only in even dimensions. These terms reflect
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the singularity characteristic of entangling surface and denotes the geometric data
contribution to entanglement entropy. Using in which hc(δ) = δ/H and zm = Hh0,
the entanglement entropy derived as
SEE =
Ld−1Ωd−3
2GN
[
qd log(
δ
Hh0
)− ǫdP1(log δ
Hh0
)2 + · · ·
]
(2.32)
where qd is
qd = −
∫ 0
h0
dhJ1(h) (2.33)
So there are logarithmic and double logarithmic divergences for EE.
To be more specific, we consider d = 4, 5, 6 in the following. For special case, d = 4,
we have a cone c1 and find,
sin(θ)
√
1 + h2 + h˙2
h˙h3
∼ −sin(
Ω
2 )
h3
+
cos(Ω2 ) cot(
Ω
2 )
8h
+ · · · . (2.34)
Note that the next term in the above expansion includes a logarithm, but it is less
singular and does not contribute to the entropy. Hence, by using the relations (2.34)
we can isolate the divergent part of the entropy functional and make it finite. In d = 4
we have
SEE =
L3Ω
2GN
(I1 + I2) (2.35)
where
I1 =
∫ zm
δ
dz
z
∫ hc
h0
dh
[
sin(θ)
√
1 + h2 + h˙2
h˙h3
+
sin(Ω2 )
h3
− cos(
Ω
2 ) cot(
Ω
2 )
8h
]
(2.36)
I2 = −
∫ zm
δ
dz
z
∫ hc
h0
dh
(sin(Ω2 )
h3
− cos(
Ω
2 ) cot(
Ω
2 )
8h
)
(2.37)
Now, we differentiate I1 and I2 with respect to UV cut-off δ and look for various
divergent terms. we find
dI1
dδ
= −1
δ
∫ 0
h0
dh
[
sin(θ)
√
1 + h2 + h˙2
h˙h3
+
sin(Ω2 )
h3
− cos(
Ω
2 ) cot(
Ω
2 )
8h
]
+ · · · , (2.38)
dI2
dδ
=
− sin(Ω2 )
2
H2
δ3
− cos(
Ω
2 ) cot(
Ω
2 )
8
log(
δ
H
)
1
δ
+ (
sin(Ω2 )
h20
+
cos(Ω2 ) cot(
Ω
2 )
8
log(h0))
1
δ
+ · · · ,
(2.39)
Then we find that
SEE =
L32π
2GN
[H2 sin(Ω2 )
4δ2
− 1
16
cos(
Ω
2
) cot(
Ω
2
)(log
δ
H
)2 + q4 log(
δ
H
) + · · ·
]
, (2.40)
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where
q4 =
sin(Ω2 )
2h20
+
1
8
cos(
Ω
2
) cot(
Ω
2
)−
∫ 0
h0
dh
[ sin(θ)√1 + h2 + h˙2
h˙h3
+
sin(Ω2 )
h3
− cos(
Ω
2 ) cot(
Ω
2 )
8h
]
(2.41)
As we see, there is a double logarithmic divergence for EE of a cone c1 in d = 4 [32].
Similarly, one can calculate the entanglement entropy for cone cn in other dimen-
sions. For d = 5, one finds
sin2(θ)
√
1 + h2 + h˙2
h˙h4
∼ −sin
2(Ω2 )
h4
+ P2
1
h2
+ · · · , (2.42)
with P2 = (4/9) cos
2(Ω/2). Then we have
SEE =
L4Ω2
2GN
(I1 + I2) (2.43)
where
I1 =
∫ zm
δ
dz
z
∫ hc
h0
dh
[
sin2(θ)
√
1 + h2 + h˙2
h˙h4
+
sin2(Ω2 )
h4
− P2 1
h2
]
, (2.44)
I2 =
∫ zm
δ
dz
z
∫ hc
h0
dh
(
− sin
2(Ω2 )
h4
+ P2
1
h2
)
(2.45)
Now, we differentiate these terms with respect to UV cut-off δ,
dI1
dδ
= −1
δ
∫ 0
h0
dh
[
sin2(θ)
√
1 + h2 + h˙2
h˙h4
+
sin2(Ω2 )
h4
− P2 1
h2
]
+ · · · , (2.46)
dI2
dδ
=
− sin2(Ω2 )
3
H3
δ4
+ (
sin2(Ω2 )
3h0
− P2H) + · · · , (2.47)
in which hc(δ) = δ/H. Then we find that
SEE =
L4Ω2
2GN
[H3 sin2(Ω2 )
12δ3
+ q5 log(
δ
H
) + · · ·
]
, (2.48)
where
q5 =
sin2(Ω2 )
3h30
− P2H −
∫ 0
h0
dh
[
sin2(θ)
√
1 + h2 + h˙2
h˙h4
+
sin2(Ω2 )
h4
]
(2.49)
In this case, there is only a logarithmic divergence for EE of a cone c2 in d = 5 [32].
For cone c3, d = 6, we have
sin3(θ)
√
1 + h2 + h˙2
h˙h5
∼ −sin
3(Ω2 )
h5
+ P3
1
h3
+ P1
1
h
· · · , (2.50)
where P3 = 27 cos
2(Ω2 ) sin(
Ω
2 )/(32h
3) and P1 = −9 cos(Ω2 ) cot(Ω2 )(31 − cos Ω)/(4096h).
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Then we find
SEE =
L4Ω3
2GN
(I1 + I2) (2.51)
where
I1 =
∫ zm
δ
dz
z
∫ hc
h0
dh
[
sin3(θ)
√
1 + h2 + h˙2
h˙h5
+
sin3(Ω2 )
h5
− P3 1
h3
− P1 1
h
]
(2.52)
I2 =
∫ zm
δ
dz
z
∫ hc
h0
dh
(
− sin
3(Ω2 )
h5
+ P3
1
h3
+ P1
1
h
)
(2.53)
Now, we differentiate these terms with respect to UV cut-off δ,
dI1
dδ
= −1
δ
∫ 0
h0
dh
[
sin3(θ)
√
1 + h2 + h˙2
h˙h5
+
sin3(Ω2 )
h5
− P3 1
h3
− P1 1
h
]
+ · · · , (2.54)
dI2
dδ
=
− sin3(Ω2 )
4
H4
δ5
+ P3
H2
2δ3
− P1
2δ
(log
δ
H
) +
(
P1 log h0 −
sin3(Ω2 )
4h40
− P3
2h20
)1
δ
+ · · · ,
(2.55)
then
SEE =
L4Ω3
2GN
[sin3(Ω2 )H4
16δ4
− P3H
2
4δ2
− P1
4
(log
δ
H
)2
+
(
q6 + P1 log h0 −
sin3(Ω2 )
4h40
− P3
2h20
)
log(
δ
H
) + · · ·
]
, (2.56)
where
q6 = −
∫ 0
h0
dh
[
sin3(θ)
√
1 + h2 + h˙2
h˙h5
+
sin3(Ω2 )
h5
− P3 1
h3
− P1 1
h
]
(2.57)
So, in cn geometries, there are logarithmic and double logarithmic divergences for EE
of odd and even dimensions, respectively [32].
2.3 Crease k ×Rm
The crease region k×Rm in time slice tE = 0 is given by 0 ≤ ρ ≤ ∞, −Ω2 ≤ θ ≤ Ω2 , and
xi ∈ [−∞,∞]. Recalling the metric (1.5) with setting n = 0, and pick σ = (ρ, θ, xi, z)
as the induced coordinates over the minimal surface. We parametrize the minimal bulk
surface as ρ = ρ(z, θ). Hence the induced metric on it becomes
ds2 =
l2
z2
(ρ′2dz2 + 2ρ′ρ˙dzdθ + (ρ˙2 + ρ2)dθ2 +
m∑
i=1
(dxi)2) (2.58)
where ρ˙ = ∂θρ, ρ
′ = ∂zρ. Now the EE is given by
SEE =
1
4GN
∫
dσ
√
γ =
Ld−1H˜d−3
4GN
∫ zm
δ
dz
∫ Ω
2
−ǫ
−Ω
2
+ǫ
dθ
1
zd−1
√
(ρ′2 + 1)ρ2 + ρ˙2 (2.59)
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where δ is the UV cut-off, ǫ is angular cut-off, and zm is defined such that ρ(Zm, 0) = H.
We regulate (d − 3)- dimensional space such that xi ∈ [− H˜2 , H˜2 ] and take ρ = z/h(θ)
with h(θ) is defined such that h(θ) → 0 as θ → ±Ω2 , h˙ = ∂θh, and h˙0 = h(0) = 0.
Using this in (2.59) we reach to the following functional entropy
SEE =
Ld−1H˜d−3
2GN
∫ zm
δ
dz
zd−2
∫ hc
h0
dh
h˙
√
1 + h2 + h˙2
h2
(2.60)
From the variation of entropy functional, we find the equation of motion for h
h(1 + h2)h¨+ (d− 1)h˙2 + h4 + dh2 + d− 1 = 0 (2.61)
The conserved quantity corresponds to the above equation defined as [32]
Kd =
(1 + h2)
d−1
2
h(d−1)
√
1 + h2 + h˙2
=
(1 + h20)
d−2
2
h
(d−1)
0
. (2.62)
Due to decreasing of h near the boundary, h˙ should be negative. Hence we find that
h˙ = −
√
1 + h2
√
(1 + h2)d−2 −K2dh2(d−1)
Kdhd−1
. (2.63)
Now we analyze the divergence of the above entropy functional. Near the boundary,
the integrand of (2.60) in the asymptotic limit behaves as√
1 + h2 + h˙2
h˙h2
∼ − 1
h2
− 1
2
K2dh
2(d−2) + ... (2.64)
Hence we can isolate the divergent part of integrals in the following way
I =
∫ zm
δ
dz
zd−2
∫ hc
h0
dh
h˙
√
1 + h2 + h˙2
h2
=
∫ zm
δ
dz
zd−2
∫ hc
h0
dh[
√
1 + h2 + h˙2
h˙h2
+
1
h2
] +
∫ zm
δ
dz
zd−2
(
1
hc
− 1
h0
)
= I1 + I2 (2.65)
where I1 and I2 represent the first and second integrals, respectively.
First we consider I1, and differentiate it with respect to UV cut-off δ and look for
various divergent terms. we find
dI1
dδ
=
−1
δd−2
∫ hc(δ)
h0
dh[
√
1 + h2 + h˙2
h˙h2
+
1
h2
]
=
−1
δd−2
∫ 0
h0
dh[
√
1 + h2 + h˙2
h˙h2
+
1
h2
] +
1
2
K2d
H2d−3
δd−1 + · · · , (2.66)
where we have used Taylor expansion in the second line. Similarly, for I2 we find that
dI2
dδ
= − 1
δd−2hc(δ)
+
1
δd−2h0
= − H
δd−1
+
1
δd−2h0
+ · · · , (2.67)
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where in the above we used hc(δ) = δ/H. So we have
SEE =
Ld−1H˜d−3
2GN
[ 1
(d− 2)
H
δd−2
+
(∫ 0
h0
dh(
√
1 + h2 + h˙2
h˙h2
+
1
h2
)− 1
h0
) 1
(d− 3)
1
δd−3
+· · ·
]
.
(2.68)
As we see, there is no logarithmic divergence due to singularity of entangling surface,
but there is a new power law divergent term of order 1/δd−3 which is due to singularity
and does not arise in smooth entangling surface [32].
3 Holographic entanglement entropy of singu-
lar surfaces in relevant perturbed theory
In this section, we will study entanglement entropy of the singular geometries in the
form k × Rm, cn and cn × Rm for relevant perturbed conformal field theory in d-
dimensions which is dual to Einstein gravity. In three dimensions, the kink geometry
considered previously in [48]. Here, first we focus on d dimensions, then in order to get
explicit solution, we zoom in to d = 4, 5, 6 dimensions.
3.1 Crease cn × Rm
Let us start with singular surfaces in the form of cn ×Rm in asymptotic anti-de Sitter
space time background. We choose the metric ansatz in the form
ds2 =
L2
z2
(
− dt2 + dρ2 + ρ2(dθ2 + sin2 θdΩ2n) +
dz2
f(z)
+
m∑
i=1
(dxi)2
)
, (3.1)
where f(z) → 1 as z → 0. Similar to previous section and symmetry discussions, we
parameterize the bulk minimal surface as ρ = ρ(z, θ). Then the induced metric in
entangling surface in time slice t = 0 becomes
ds2 = γabdx
adxb
=
L2
z2
((
ρ
′2 +
1
f(z)
)
dz2 + 2ρ′ρ˙dzdθ + (ρ˙2 + ρ2)dθ2 + ρ2 sin2 θdΩ2n +
m∑
i=1
(dxi)2),
(3.2)
so that
√
γ =
Ld−1
zd−1
ρn sinn θ
√(
ρ′2 +
1
f(z)
)
ρ2 +
1
f(z)
ρ˙2. (3.3)
By the RT prescription, the entanglement entropy is derived as
SEE =
1
4GN
∫
dzdθ
√
γ =
Ld−1ΩnH˜
m
4GN
∫
dzdθ
ρn sinn θ
zd−1
√
f
√
(fρ′2 + 1)ρ2 + ρ˙2 (3.4)
14
where H˜m is volume of m-dimensional space. By extremizing the above action we can
derive the equation of motion for ρ(z, θ), which reads
2fz sin θρ2(ρ2 + ρ˙2)ρ′′ + 2z sin θρ2(1 + fρ
′2)ρ¨− 4fz sin θρ2ρ′ρ˙ρ˙′ + z sin θρ2ρ′(ρ2 + ρ˙2)f ′
− 2z sin θρ((n+ 1)(1 + fρ′2)ρ2 + (n+ 2)ρ˙2)− 2(d− 1) sin θρ2fρ′((1 + fρ′2)ρ2 + ρ˙2)
+ 2nz cos θρ˙((1 + fρ
′2)ρ2 + ρ˙2) = 0 (3.5)
where ρ¨ = ∂2θρ, ρ
′′ = ∂2zρ and ρ˙
′ = ∂θ∂zρ. For small deformation we make the following
ansatz:
ρ(z, θ) = ρ0 + δρ =
z
h(θ)
+ δfg(θ)z, f = 1 + δf (3.6)
with inserting the ansatz (3.6) in the equation of motion for ρ(z, θ) we derive the
equations for h(θ) and g(θ) as
sin(θ)h(1 + h2)h¨+ sin(θ)(nh2 + d− 1)h˙2
+ n cos(θ)hh˙(1 + h2 + h˙2) + sin(θ)(1 + h2)(d − 1 + (n+ 1)h2) = 0, (3.7)
and
2 sin(θ)h3(1 + h2)δf g¨
+ 2h2
[
2 sin(θ)h˙zδf ′ +
(
2h˙(d+ 1 + (n + 2)h2) sin(θ) + nh(1 + h2 + 3h˙2) cos(θ)
)
δf
]
g˙
+ 2h
[
sin(θ)(h2 + h˙2)(δf ′′z2 + 2zδf ′) + 2 sin(θ)(zδf ′ + (2 + h2)δf)(−hh¨ + 2h˙2)
− sin(θ)(zδf ′ + 3δf)
(
(d+ 1)h˙2 + (d− 1)(h2 + 1)
)
− 2(δf(2 + h2) + zδf ′)
(
(d− 1) sin(θ) + n cos(θ)hh˙
)
− sin(θ)h2
(
2(n + 1)zδf ′ + ((n + 2)h˙2 + (n+ 1)(3h2 + 5))δf
)]
g
+ sin(θ)
[
(h˙2 + h2)zδf ′ − 2(h¨h+ (d− 1)h˙2 + (d+ n)h2 + 2(d− 1))δf
]
− 2n cos(θ)hh˙δf = 0. (3.8)
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We insert δf(z) = µ2αz2α in Eq.(3.8) and by using the equation of motion for h we
can reach to the following equation of motion for g(θ) for various α :
sin(θ)h3(1 + h2)2g¨
+ h2(1 + h2)
[
2(2α+ d+ 1 + (n+ 2)h2)h˙ sin(θ) + nh(1 + h2 + 3h˙2) cos(θ)
]
g˙
+ h
[
sin(θ)(1 + h2)(h2 +
1
3
h˙2)2α(2α + 1) + 2 sin(θ)(2α+ 2 + h2)
(
(nh2 + d− 1)h˙2
+ n cot(θ)hh˙(1 + h2 + h˙2) + (1 + h2)(d− 1 + (n+ 1)h2)
)
− sin(θ)(1 + h2)(2α + 3)
(1
3
(3d − 4α − 5)h˙2 + (d− 1)(h2 + 1)
)
− 2(1 + h2)(2 + 2α+ h2)
(
(d− 1) sin(θ) + n cos(θ)hh˙
)
− sin(θ)h2(1 + h2)
(
(n − 2)h˙2 + (n+ 1)(3h2 + 4α+ 5)
)]
g
+
[
sin(θ)
(
h˙2
(
h2(α− d+ n+ 1) + α) + h2 ((α− d+ 1)h2 + α− 2d+ 2)− d+ 1)
+ n cos(θ)hh˙3
]
= 0, (3.9)
Plugging the small deformation ρ(z, θ) = ρ0 + δρ in the entropy functional (3.4) and
use the Taylor expansion we get, up to first order, the following perturbed entropy
functional:
SEE =
Ld−1
4GN
ΩnH˜
m
∫ zm
δ
dz
∫ Ω
2
−ǫ
−Ω
2
+ǫ
dθ
[sinn(θ)ρn0R0
zd−1
− ρ
n
0 sin
n(θ)(ρ20 + ρ˙0
2)δf
2zd−1R0
+ ρn−10 (sin
n(θ))
ρ30ρ
′
0δρ
′ + ((n + 1)ρ20(1 + ρ
′2
0 ) + nρ˙0
2)δρ+ ρ0ρ˙0δρ˙
zd−1R0
]
(3.10)
where R0 ≡
√
ρ20(1 + ρ
′2
0 ) + ρ˙0
2 and δ is the UV cut-off, ǫ is angular cut-off, and zm is
defined such that ρ(zm, 0) = H. Using integration by parts and equation of motion for
ρ0, we will find the following entropy functional
SEE =
Ld−1
4GN
ΩnH˜
m
∫ zm
δ
dz
∫ Ω
2
−ǫ
−Ω
2
+ǫ
dθ
[sinn(θ)ρn0R0
zd−1
− ρ
n
0 sin
n(θ)(ρ20 + ρ˙0
2)δf
2zd−1R0
+ ∂θ
(sinn(θ)ρn0 ρ˙0δρ
zd−1R0
)
+ ∂z
(sinn(θ)ρn+20 ρ′0δρ
zd−1R0
)]
. (3.11)
Now by substituting the ansatz (3.6) in (3.11), we reach to the following entropy
functional,
SEE =
Ld−1ΩnH˜
m
2GN
(
I1 + I2 + I3 + I4
)
, (3.12)
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where I1, I2, I3, and I4 defined as:
I1 =
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ
[sinn(θ)ρn0R0
zd−1
]
=
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
, (3.13)
I2 =
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ
−ρn0 sinn(θ)(ρ20 + ρ˙02)δf
2zd−1R0
=
∫ zm
δ
dz
δf
2zd−n−2
∫ hc
h0
dh sinn(θ)
−(h2 + h˙2)
h˙hn+2
√
1 + h2 + h˙2
, (3.14)
I3 =
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ∂θ
(sinn(θ)ρn0 ρ˙0δρ
zd−1R0
)
=
∫ zm
δ
dz
δf
zd−n−2
− sinn(θ)h˙g(θ)
hn
√
1 + h2 + h˙2
|h=hc(δ), (3.15)
I4 =
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ∂z
(sinn(θ)ρn+20 ρ´0δρ
zd−1R0
)
=
∫ zm
δ
dz
zδf ′ − (d− n− 3)δf
zd−n−2
∫ hc
h0
dh sinn(θ)
g
h˙hn+1
√
1 + h2 + h˙2
, (3.16)
where we have changed the integration variable to h(θ). We have also defined h0 = h(0)
and hc = h(
Ω
2 − ǫ) and used h˙0(0) = 0 in getting the boundary terms.
To extract the logarithmic divergence, we must find the asymptotic behavior of
integrand in terms of h, where h → 0. Similar to the previous section, consider
y = sin(θ) and change the independent variable from θ to h, and find the equation of
motion of y = y(h). Using the relations
h˙ =
√
1− y2
y˙(h)
h¨ = −yy˙
2 + (1− y2)y¨
y˙3
g¨(θ) =
√
1− y2
y˙(h)
d
dh
(
g˙(h)
√
1− y2
y˙(h)
)
g˙(θ) = g˙(h)
√
1− y2
y˙(h)
(3.17)
where y˙(h) = dy
dh
. Finally, we reach to the following equations
h(1 + h2)y(1− y2)y¨ − (1 + h2)(d− 1 + (n+ 1)h2)yy˙3 + (1 + h2)h((1 + n)y2 − n)y˙2
− nh(1− y2)2 − (nh2 + d− 1)y(1 − y2)y˙ = 0 (3.18)
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and
h3(1 + h2)2(1− y2)yy˙g¨ + h2(1 + h2)
[
2nh(1− y2)2 + (3 + d+ 4α+ (4 + n)h2)(1− y2)yy˙
− (1 + h2)(d− 1 + (1 + n)h2)yy˙3
]
g˙ + h
[
2nh(2α + 2 + h2)(1− y2)2
+
(
(1 + 2α)(1 + d+ 2α) + (5 + 3n+ 8α+ 4α(n + α)− d(1 + 2α))h2 + (2 + n)h4
)
y(1− y2)y˙
− (1 + h2)
(
(d− 1)(3 + 2α) + (n+ d(3 + 2α)− 2(1 + 2α(1 + α)))h2 + (1 + n)h4
)
yy˙3
]
g
+
[
nh(1− y2)2 + (α+ (α+ n+ 1− d)h2)y(1− y2)y˙ + (1 + h2)(1− d+ (1− d+ α)h2)yy˙3
]
= 0
(3.19)
In Appendix A, we solved equations (3.18) and (3.19) perturbatively near the boundary
with initial conditions y = sin(Ω/2) at h = 0, and for g, we adopt a solution such that
ρ becomes finite in the limit h→ 0 and δ → 0. Series solutions for y and g are different
for odd and even dimensions. From (A.1) and (A.6) we can write y series as
y(h) =
∑
i=0
a2ih
2i + ǫd
[
log h
∑
i=k
a˜2ih
2i + (log h)2
∑
i=k
aˆ2ih
2i + · · ·
]
. (3.20)
where ǫd was introduced in (2.17), so that logarithmic terms appear only in even
dimensions. Similarly, the series of g can be written as,
g(h) = hd−2α−2
[∑
i=0
c2ih
2i−1 + ǫd log h
∑
i=0
c˜2ih
2i−1 + ǫd(log h)
2
∑
i=0
cˆ2ih
2i−1 + · · ·
]
+ ξαjb2j log h+
∑
i=0
b2ih
2i−1 + ǫd log h
∑
i=0
b˜2ih
2i−1 + ǫd(log h)
2
∑
i=0
bˆ2ih
2i−1 + · · · .
(3.21)
where ξαj = δ2α,d−2j−2 with j a positive integer. A few coefficients of the above
expansion are found in Appendix A.
Using the ansatz (3.6) at ρ = H, z = δ, and hc = h(
Ω
2 − ǫ), we find that UV cut-off
expansion of hc becomes as
hc(δ) =
δ
H
+ (µH)2α
( δ
H
)2α+2
g(
δ
H
) (3.22)
In the following we analyze the divergence of entropy functional. Near the boundary,
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integrands of I1, I2, I3, and I4 in the asymptotic limit behave as
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
∼
∑
i=0
(
Pn−2i+2 + ǫdP˜n−2i+2 log h+ ǫdPˆn−2i+2 log
2 h+ · · ·
) 1
hn−2i+2
(3.23)
− sinn(θ)(h2 + h˙2)
h˙hn+2
√
1 + h2 + h˙2
∼
∑
i=0
(
Qn−2i+2 + ǫdQ˜n−2i+2 log h+ ǫdQˆn−2i+2 log
2 h+ · · ·
) 1
hn−2i+2
(3.24)
− sinn(θ)h˙g
hn
√
1 + h2 + h˙2
∼
∑
i=0
(
Mn−2i + ǫdM˜n−2i log h+ ǫdMˆn−2i log
2 h+ · · ·
) g(h)
hn−2i
(3.25)
sinn(θ)g
h˙hn+1
√
1 + h2 + h˙2
∼
∑
i=0
(
Nn−2i−1 + ǫdN˜n−2i−1 log h+ ǫdNˆn−2i−1 log
2 h+ · · ·
) g(h)
hn−2i−1
,
(3.26)
again log terms only contribute to even dimensions. Coefficients P ’s, Q’s, M ’s, and
N ’s are found in the Appendix B.
Let us firstly consider the general dimensions, then we study special cases d = 5, 6.
3.1.1 General case:
In the following, we want to know under what conditions the log or the powers of log
terms appear in the UV -expansion of the entanglement entropy. Let us start with I1
I1 =
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
(3.27)
where d = n+m+3. Now we use the series expansion in (3.23) to isolate the divergence
terms near the boundary as follows,
I1 =
∫ zm
δ
dz
zd−n−2
∫ hc
h0
dh
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
=
∫ zm
δ
dz
zm+1
∫ hc
h0
dhJ1(h)
+
∫ zm
δ
dz
zm+1
[
ǫ¯n
(
P1 log(
hc
h0
) +
1
2
ǫdP˜1 log
2(
hc
h0
) + · · ·
)
−
′∑
i=0
(
P(n−2i+2)
( 1
hn−2i+1c
− 1
hn−2i+10
)
+ ǫdP˜(n−2i+2)
( log hc
hn−2i+1c
− log h0
hn−2i+10
)
+ ǫdPˆ(n−2i+2)
( log2 hc
hn−2i+1c
− log
2 h0
hn−2i+10
)
+ · · ·
)]
. (3.28)
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in which
J1(h) = sin
n(θ)
√
1 + h2 + h˙2
h˙hn+2
− ǫ¯nP1
h
−
′∑
i=0
(
Pn−2i+2 + ǫdP˜n−2i+2 log h+ · · ·
) 1
hn−2i+2
Pk ≡ − 1
(k − 1)Pk −
ǫd
(k − 1)2 P˜k −
2ǫd
(k − 1)3 Pˆk + · · ·
P˜k ≡ − 1
(k − 1) P˜k −
2
(k − 1)2 Pˆk + · · ·
Pˆk ≡ − 1
(k − 1) Pˆk + · · · (3.29)
Similarly for I2, I3 and I4:
I2 =
∫ zm
δ
dz
δf
2zd−n−2
∫ hc
h0
dh
− sinn(θ)(h2 + h˙2)
h˙hn+2
√
1 + h2 + h˙2
=
∫ zm
δ
dz
δf
2zm+1
∫ hc
h0
dhJ2(h)
+
∫ zm
δ
dz
δf
2zm+1
[
ǫ¯n
(
Q1 log(
hc
h0
) +
1
2
ǫdQ˜1 log
2(
hc
h0
) + · · ·
)
−
′∑
i=0
(
Q(n−2i+2)
( 1
hn−2i+1c
− 1
hn−2i+10
)
+ ǫdQ˜(n−2i+2)
( log hc
hn−2i+1c
− log h0
hn−2i+10
)
+ ǫdQˆ(n−2i+2)
( log2 hc
hn−2i+1c
− log
2 h0
hn−2i+10
)
+ · · ·
)]
, (3.30)
with
J2(h) =
− sinn(θ)(h2 + h˙2)
h˙hn+2
√
1 + h2 + h˙2
− ǫ¯nQ1
h
−
′∑
i=0
(
Qn−2i+2 + ǫdQ˜n−2i+2 log h+ · · ·
) 1
hn−2i+2
Qk ≡ − 1
(k − 1)Qk −
ǫd
(k − 1)2 Q˜k −
2ǫd
(k − 1)3 Qˆk + · · ·
Q˜k ≡ − 1
(k − 1)Q˜k −
2
(k − 1)2 Qˆk + · · ·
Qˆk ≡ − 1
(k − 1)Qˆk + · · · (3.31)
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I3 =
∫ zm
δ
dz
δf
zd−n−2
− sinn(θ)h˙g(θ)
hn
√
1 + h2 + h˙2
= µ2α
∫ zm
δ
dz
1
zm+1−2α
[∑
i=0
(
Mn−2i + ǫdM˜n−2i log h+ ǫdMˆn−2i log
2 h+ · · ·
) g(h)
hn−2i
]
,
(3.32)
I4 =
∫ zm
δ
dz
zδf ′ − (d− n− 3)δf
zd−n−2
∫ hc
h0
dh
sinn(θ)g(h)
h˙hn+1
√
1 + h2 + h˙2
= µ2α
∫ zm
δ
2α−m
zm+1−2α
∫ hc
h0
dhJ4(h)
+ µ2α
∫ zm
δ
2α−m
zm+1−2α
∫ hc
h0
dh
[∑
i=0
(
Nn−2i−1 + ǫdN˜n−2i−1 log h+ · · ·
) g(h)
hn−2i−1
]
= µ2α
∫ zm
δ
2α−m
zm+1−2α
( ∫ hc
h0
dhJ4(h) +K4(h0)
)
+ µ2α
∫ zm
δ
2α−m
zm+1−2α
{
ǫnξαjb2j
(1
2
N1 log
2(
δ
H
) +
1
3
ǫdN˜1 log
3(
δ
H
) + · · ·
)
+ ǫ¯n
∑
k=0
[
b2kN(2k) log(
δ
H
) +
1
2
ǫd(b2kN˜(2k) + b˜2kN(2k)) log
2(
δ
H
)
+
1
3
ǫd(b˜2kN˜(2k) + b2kNˆ(2k)) log
3(
δ
H
) + · · ·
]
+ ζαi
∑
k=0
[
c2kN(2k+d−2α−2) log(
δ
H
) +
1
2
ǫd(c2kN˜(2k+d−2α−2) + c˜2kN(2k+d−2α−2)) log
2(
δ
H
)
+
1
3
ǫd(c˜2kN˜(2k+d−2α−2) + c2kNˆ(2k+d−2α−2)) log
3(
δ
H
) + · · ·
]
+ ξαjb2j
∑
i=0
h2i−n+2
(
N(n−2i−1) + N˜(n−2i−1) log h+ · · ·
)
+
∑
i,k=0
[
h2i+2k−n+1
(
N (b)(n−2i−1) + ǫdN˜
(b)
(n−2i−1) log h+ · · ·
)
+ h2i+2k+m+2−2α
(
N (c)(n−2i−1) + ǫdN˜
(c)
(n−2i−1) log h+ · · ·
)]}
, (3.33)
where ζαi = δ2α,2i+2k+d−n−1 and N ’s are combinations of N ’s, and N (b)’s of N ’s,
b’s, b˜’s, etc, and so on for N (c)’s. K4(h0) is a constant term which collects all h0
contributions. We also have
J4(h) =
sinn(θ)g(h)
h˙hn+1
√
1 + h2 + h˙2
−
∑
i=0
(
N(n−2i−1) + ǫdN˜(n−2i−1) log h+ · · ·
) g(h)
hn−2i−1
(3.34)
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Taking derivatives of Ii’s with respect to δ,
dI1
dδ
= − 1
δm+1
∫ 0
h0
dhJ1(h) +
1
δm+1
K1(h0)
− ǫ¯n 1
δm+1
(
P1 log(
δ
H
) +
1
2
ǫdP˜1 log
2(
δ
H
) + · · ·
)
+
′∑
i=0
1
Hm+1
( δ
H
)2i−d+1(P(n−2i+2) + ǫdP˜(n−2i+2) log( δH ) + · · ·)
− (µH)
2α
Hm+1
{
ǫ¯n
[( δ
H
)2α−m
ξαjb2j
(
P1 log(
δ
H
) + P˜1 log
2(
δ
H
) + Pˆ1 log
2(
δ
H
)
+
∑
i=0
(( δ
H
)2α+2i−m−1
(P1b2i + ǫd(P1b˜2i + P˜1b2i) log(
δ
H
) + ǫd(P˜1b˜2i + Pˆ1b2i) log
2(
δ
H
))
+
( δ
H
)n+2i
(P1c2i + ǫd(P1c˜2i + P˜1c2i) log(
δ
H
) + ǫd(P˜1c˜2i + Pˆ1c2i) log
2(
δ
H
)) + · · ·
)]
+
∑
i=0
[
ξαjb2j
( δ
H
)2i−2j−1(
((2i − n− 1)P(2−2i+n) + P˜(2−2i+n)) log(
δ
H
)
+ ((2i− n− 1)P˜(2−2i+n) + 2Pˆ(2−2i+n)) log2(
δ
H
) + · · ·
)
+
∑
k=0
[( δ
H
)2α+2i+2k−d+1(
b2k((1− ι)P(ι) + P˜(ι))
log(
δ
H
)
(
b2k((1− ι)P˜(ι) + 2Pˆ(ι)) + b˜2k((1 − ι)P(ι) + P˜(ι))
)
+ log2(
δ
H
)
(
b2k(1− ι)Pˆ(ι) + b˜2k((1− ι)P˜(ι) + 2Pˆ(ι))
))
+
( δ
H
)2i+2k−1(
c2k((1− ι)P(ι) + P˜(ι))
log(
δ
H
)
(
c2k((1 − ι)P˜(ι) + 2Pˆ(ι)) + c˜2k((1− ι)P(ι) + P˜(ι))
)
+ log2(
δ
H
)
(
c2k(1− ι)Pˆ(ι) + c˜2k((1− ι)P˜(ι) + 2Pˆ(ι))
))
+ · · ·
]]}
(3.35)
in which ι = n− 2i+2 and ellipses show higher log terms. We also used m = d−n− 3
and
K1(h0) = ǫ¯nP1 log(h0)−
′∑
i=0
P(n−2i+2)
n− 2i+ 1
1
hn−2i+10
+ · · · . (3.36)
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Similarly
dI2
dδ
=
(µH)2α
2Hm+1
( δ
H
)2α−m−1(− ∫ 0
h0
dhJ2(h) +K2(h0)
)
+
(µH)2α
2Hm+1
[
− ǫ¯n
( δ
H
)2α−m−1(
Q1 log(
δ
H
) +
1
2
ǫdQ˜1 log
2(
δ
H
) + · · ·
)
+
′∑
i=0
( δ
H
)2α+2i−d+1(Q(n−2i+2) + ǫdQ˜(n−2i+2) log( δH ) + · · · )], (3.37)
where
K2(h0) = ǫ¯nQ1 log(h0)−
′∑
i=0
Q(n−2i+2)
n− 2i+ 1
1
hn−2i+10
. (3.38)
On the other hand,
dI3
dδ
=− (µH)
2α
Hm+1
∑
i=0
{(
ξαjb2j
( δ
H
)2i−2j
log(
δ
H
)
(
M(n−2i) + ǫdM˜(n−2i) log(
δ
H
)
)
+
∑
k=0
[(
(b2k + ǫdb˜2k log(
δ
H
))
( δ
H
)2α−d+2i+2k+1
+ (c2k + ǫdc˜2k log(
δ
H
))
( δ
H
)2i+2k−1)(
M(n−2i) + ǫdM˜(n−2i) log(
δ
H
)
)]}
(3.39)
dI4
dδ
=
(µH)2α
Hm+1
(m− 2α)
{( δ
H
)2α−m−1(∫ 0
h0
dhJ4(h) +K4(h0)
)
+ ǫnξαjb2j
( δ
H
)2α−m−1(1
2
N1 log
2(
δ
H
) +
1
3
ǫdN˜1 log
3(
δ
H
) + · · ·
)
+ ǫ¯n
∑
k=0
( δ
H
)2α−m−1[
b2kN(2k) log(
δ
H
) +
1
2
ǫd(b2kN˜(2k) + b˜2kN(2k)) log
2(
δ
H
)
+
1
3
ǫd(b˜2kN˜(2k) + b2kNˆ(2k)) log
3(
δ
H
) + · · ·
]
+ ζαi
∑
k=0
( δ
H
)2α−m−1[
c2kN(2k+d−2α−2) log(
δ
H
)
+
1
2
ǫd(c2kN˜(2k+d−2α−2) + c˜2kN(2k+d−2α−2)) log
2(
δ
H
)
+
1
3
ǫd(c˜2kN˜(2k+d−2α−2) + c2kNˆ(2k+d−2α−2)) log
3(
δ
H
) + · · ·
]
+ ξαjb2j
′∑
i=0
( δ
H
)2i−2j+2[N(n−2i−1) + N˜(n−2i−1) log( δH ) + · · · ]
+
′∑
i,k=0
[( δ
H
)2α+2i+2k−d+3
(N (b)(−2i+n−1) + log(
δ
H
)ǫdN˜ (b)(−2i+n−1) + · · · )
+
( δ
H
)2i+2k+1
(N (c)(−2i+n−1) + log(
δ
H
)ǫdN˜ (c)(−2i+n−1) + · · · )
]
(3.40)
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where terms with ǫn, ǫ¯n and ζαi as coefficients, indicate special cases which are extracted
from summations on i and we denote the excluded sum with a prime sign.
In expressions for dIi/dδ we are interested in 1/δ and log
ℓ(δ)/δ terms which re-
spectively correspond to log and higher log terms in the entanglement entropy. Let us
consider each Ii’s separately.
1. I1:
Integrating (3.35), possible log and higher log terms contributions are as follows,
• 2α = m− 1 = d− 2ℓ− 2 and n = 2ℓ− 2:
A1(ℓ) = −µ
m−1
2H
b2ℓP1 log
2(
δ
H
) + · · · . (3.41)
• 2α = m− 2ℓ:
A2(ℓ) = −(µH)
2α
Hm
ǫ¯n
(
b2ℓP1 log(
δ
H
) + ǫd(
1
2
(P1b˜2ℓ + P˜1b2ℓ) log
2(
δ
H
) + · · · )
)
.
(3.42)
• 2α = d− 2ℓ− 2 and n 6= 2ℓ− 1:
A3(ℓ) = −(µH)
2α
2Hm
(n+ 1− 2ℓ)b2ℓP(n+2−2ℓ) log2(
δ
H
). (3.43)
• 2α = d− 2ℓ− 2 and n 6= 2i− 1:
A4(ℓ) = −(µH)
2α
Hm
ǫd
ℓ∑
i=0
′
(1
2
log2(
δ
H
)
(
b2k((1− ι)P˜(ι) + 2Pˆ(ι)) + b˜2k((1 − ι)P(ι) + P˜(ι))
)
+
1
3
log3(
δ
H
)
(
b2k(1− ι)Pˆ(ι) + b˜2k((1 − ι)P˜(ι) + 2Pˆ(ι))
))
. (3.44)
where ι = n− 2i+ 2, k = ℓ− i and prime on the summation means exclusion
of i = (n+ 1)/2.
2. I2:
In I2, the contribution is µ-dependent:
• 2α = m:
A5 = −µ
m
2
[(
−
∫ 0
h0
dhJ2(h) +K2(h0)
)
log(
δ
H
)
+
1
2
ǫ¯n
(
Q1 log
2(
δ
H
) + ǫd(
1
3
Q˜1 log
3(
δ
H
) + · · ·
)]
(3.45)
• 2α = d− 2ℓ− 2 and n 6= 2ℓ− 1:
A6(ℓ) =
(µH)2α
2Hm
[
Q(n+2−2ℓ) log(
δ
H
)+ ǫd(
1
2
Q˜(n+2−2ℓ) log2(
δ
H
)+ · · · )
]
(3.46)
3. I3:
In I3, the contribution is µ-dependent:
24
• 2α = d− 2ℓ− 2:
A7(ℓ) = −(µH)
2α
Hm
[
ℓ∑
i=0
(
b2ℓ−2iM(n−2i) log(
δ
H
)
+ ǫd(
1
2
(b˜2ℓ−2iM(n−2i) + b2ℓ−2iM˜(n−2i)) log
2(
δ
H
) + · · · )
)]
(3.47)
4. I4:
• 2α = d− 2ℓ− 4:
A8(ℓ) = (m− 2α)(µH)
2α
Hm
ℓ∑
i=0
[
N (b)(n−2i−1) log(
δ
H
) + ǫd(
1
2
N˜ (b)(n−2i−1) log2(
δ
H
) + · · · )
]
.
(3.48)
Notice that in above cases, ℓ values include only finite numbers of integers, {0, 1, . . . , ℓmax}
such that the constraint α ≥ 0 is satisfied.
Now from the above relations we can infer that the relevant perturbed contribution
to the log and higher log parts of the entanglement entropy is
2α = m− 1, n = 2ℓ− 2 and ℓ ≥ 1 :
∆SEE =
Ld−1ΩnH˜
m
2GN
(A1(ℓ) +A7(ℓ) +A8(ℓ− 1)), (3.49)
2α = m :
∆SEE =
Ld−1ΩnH˜
m
2GN
(A2(0) +A5), (3.50)
2α = m− 2ℓ and ℓ ≥ 1 :
∆SEE =
Ld−1ΩnH˜
m
2GN
A2(ℓ), (3.51)
2α = d− 2ℓ− 2, n 6= 2i− 1 and ℓ ≥ 1 :
∆SEE =
Ld−1ΩnH˜
m
2GN
(
A3(ℓ) +A4(ℓ) +A6(ℓ) +A7(ℓ) +A8(ℓ− 1)
)
, (3.52)
2α = d− 2 :
∆SEE =
Ld−1ΩnH˜
m
2GN
(
A3(0) +A4(0) +A6(0) +A7(0)
)
, (3.53)
where ℓ = 0, 1, · · · , ℓmax. So we derived the effect of relevant perturbation with scaling
dimension ∆ in general for geometries in the form cn × Rm. As seen, there are loga-
rithmic and higher logarithmic terms for some integer values of 2α. Note that many
coefficients inside Ai’s functions are zero in even dimensions. In Appendices A and B,
we present nonvanishing terms in d = 4 and d = 6.
The important results are as follows. The universal logarithmic and higher loga-
rithmic terms appear only in special values of α. In odd dimensions, in addition to log
terms, we have double log for some special integer values of 2α. In even dimensions,
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there are some special values of α for which a power series of logarithmic terms show
up.
As we see, in agreement with previous results for smooth as well as singular en-
tangling surfaces[41, 42, 43, 44, 45, 46, 47, 48], the relevant perturbation with scaling
dimension ∆ = d+22 or equivalently α =
d−2
2 leads to appearance of logarithmic term
in entanglement entropy.
In order to have some experience for preceding calculations, we consider few exam-
ples, d = 5, 6.
3.1.2 d = 5
Now, we consider the geometry in form c1 × R1 with d = 5. From the previous
discussion, we can summarize the contribution of relevant perturbation to the ∆S
(1)
EE.
From (3.49) to (3.53), we find
• α = 1/2
∆S
(1)
EE =
L4Ω1H˜
1
2GN
(
A2(0) +A5
)
= −µL
4Ω1H˜
1
2GN
[1
2
(
−
∫ 0
h0
dhJ2(h) +K2(h0)
)
log(
δ
H
)
+
1
2
b0P1 log(
δ
H
) +
1
2
Q1 log
2 δ
H
]
(3.54)
In this case, we have both logarithmic and double logarithmic terms.
• α = 3/2
∆S
(1)
EE =
L4Ω1H˜
1
2GN
(
A3(0) +A6(0) +A7(0)
)
=
L4Ω1H˜
1
4GN
µ3H2
[
(
1
2
Q3 − b0M1) log( δ
H
)− b0P3 log2( δ
H
)
]
(3.55)
In this case, we have both logarithmic and double logarithmic contributions to the
entanglement entropy.
3.1.3 d = 6:
For d = 6 dimensions, we consider two geometries c1 ×R2 and c2 × R1 corresponding
respectively to n = 1, 2. Let us separate n = 1 and n = 2 as follows.
1. n = 1 and m = 2, c1 ×R2
Here, we find the contribution of relevant perturbation to ∆S
(1)
EE in various of α
as follows:
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• α = 1:
∆S
(1)
EE =
L5Ω1H˜
2
2GN
(
A2(0) +A5
)
= −µ
2L5Ω1H˜
2
2GN
[1
2
(
−
∫ 0
h0
dhJ2(h) +K2(h0)
)
log(
δ
H
)
+ b0P1 log(
δ
H
) +
1
2
Q1 log
2 δ
H
]
(3.56)
This result shows that in this case, we have log and double log singularities.
• α = 2:
∆S
(1)
EE =
L5Ω1H˜
2
2GN
(
A3(0) +A4(0) +A6(0) +A7(0)
)
=
µ4L5Ω1H˜
2
2GN
[
(
1
2
Q3 − b0M1) log( δ
H
)− b0P3 log2( δ
H
)
]
(3.57)
Again, there are both logarithmic and double logarithmic terms which contribute
from the relevant perturbation to the entanglement entropy.
2. n = 2 and m = 1, c2 ×R1
In this geometry, we find for various values of α:
• α = 1/2:
∆S
(1)
EE =
L5Ω2H˜
1
2GN
A5
=− µL
5Ω2H˜
1
2GN
[1
2
(
−
∫ 0
h0
dhJ2(h) +K2(h0)
)
log(
δ
H
)
+
1
2
Q1 log
2 δ
H
]
(3.58)
• α = 1:
∆S
(1)
EE =
L5Ω2H˜
1
2GN
(
A3(1) +A4(1) +A6(1) +A7(1) +A8(0)
)
=
µ2HL5Ω2H˜
1
4GN
[
(Q2 − 2b2M2 − 2b0M0 −N (b)1 ) log(
δ
H
)
+ (3b˜2P4 − b2P2 − b˜2M2 − N˜ (b)1 ) log2(
δ
H
) + · · ·
]
(3.59)
• α = 2:
∆S
(1)
EE =
L5Ω2H˜
1
2GN
(
A3(0) +A4(0) +A6(0) +A7(0)
)
=
µ4H3L5Ω2H˜
1
2GN
{[1
2
Q4 − b0M2
]
log(
δ
H
)
+
1
2
[
3(b˜0 − b0)P4 − b˜0M2
]
log2(
δ
H
) + · · ·
}
(3.60)
As seen in d = 6, we have few discrete values of α for which we have universal log
terms.
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3.2 Cone cn
In this subsection, we study the holographic entanglement entropy of the cone cn in
a relevant perturbation of a conformal field theory using an asymptotic anti-de Sitter
space time background. Indeed, this case is a special case of cn × Rm with m = 0. A
new logarithmic term comes from integrating the first two lines of (3.35) with m = 0.
Now looking for 1/δ and logk(δ)/δ terms in expressions for dIi/dδ. Let us consider
each Ii’s separately.
1. I1:
• independent of µ and α:
B1 =
(
K1(h0)−
∫ 0
h0
dhJ1(h)
)
log(
δ
H
)− 1
2
ǫdP1 log
2(
δ
H
) (3.61)
in which we replaced ǫd = ǫ¯n, since d = n + 3. So a double log term appears in
even d.
• 2α = d− 2ℓ− 2 and n 6= 2ℓ− 1:
B3(ℓ) = −(µH)
2α
2
(n+ 1− 2ℓ)b2ℓP(n+2−2ℓ) log2(
δ
H
). (3.62)
• 2α = d− 2ℓ− 2 and n 6= 2i− 1:
B4(ℓ) = −(µH)
2α
2
ℓ∑
i=0
′
(1
2
log2(
δ
H
)
(
b2k((1 − ι)P˜(ι) + 2Pˆ(ι)) + b˜2k((1− ι)P(ι) + P˜(ι))
)
+
1
3
log3(
δ
H
)
(
b2k(1− ι)Pˆ(ι) + b˜2k((1− ι)P˜(ι) + 2Pˆ(ι))
))
. (3.63)
2. I2:
• 2α = d− 2ℓ− 2 and n 6= 2ℓ− 1:
B6(ℓ) =
(µH)2α
2
[
Q(n+2−2ℓ) log(
δ
H
) + ǫd(
1
2
Q˜(n+2−2ℓ) log2(
δ
H
) + · · · )
]
(3.64)
3. I3:
• 2α = d− 2ℓ− 2:
B7(ℓ) = −(µH)2α
ℓ∑
i=0
(
b2ℓ−2iM(n−2i) log(
δ
H
)
+ ǫd(
1
2
(b˜2ℓ−2iM(n−2i) + b2ℓ−2iM˜(n−2i)) log
2(
δ
H
) + · · · )
)
(3.65)
4. I4:
• 2α = d− 2ℓ− 4:
B8(ℓ) = −2α(µH)2α
ℓ∑
i=0
[
N (b)(n−2i−1) log(
δ
H
) + ǫd(
1
2
N˜ (b)(n−2i−1) log2(
δ
H
) + · · · )
]
.
(3.66)
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Notice that in above cases, ℓ is an integer in the range 0 ≤ ℓ ≤ ℓmax such that the
constraint α ≥ 0 is satisfied. In contrast to the cn ×Rm case, we removed 2α = m = 0
cases as noninteresting ones and added B1 as a new ingredient. However, the later
does not contribute to the relevant perturbation of the entanglement entropy.
Now from the above relations we can infer that the relevant perturbed contribution
to the log and higher log parts of the entanglement entropy is
2α = d− 2ℓ− 2 and n 6= 2ℓ− 1 and ℓ ≥ 1 :
∆SEE =
Ld−1Ωn
2GN
(
B3(ℓ) +B4(ℓ) +B6(ℓ) +B7(ℓ) +B8(ℓ− 1)
)
, (3.67)
2α = d− 2 :
∆SEE =
Ld−1Ωn
2GN
(
B3(0) +B4(0) +B6(0) +B7(0)
)
, (3.68)
where ℓ = 0, 1, · · · , ℓmax. So we derived the effect of relevant perturbation with scaling
dimension ∆ in general for geometries in the form cn. As seen, there are logarithmic
and double logarithmic terms for some integer values of 2α.
In d = 4 dimension, only 2α = d − 2 = 2 contributes to a universal logarithmic
term as,
∆SEE =
Ld−1Ωn
2GN
(
B3(0) +B4(0) +B6(0) +B7(0)
)
=
L3Ω1
2GN
(µH)2
[(1
2
Q3 − b0M1 − 2N (b)0
)
log(
δ
H
)
+
(
(
1
2
b˜0 − b0)P3 + 1
2
b˜0M1
)
log2(
δ
H
)
]
(3.69)
where explicit values of coefficients are given in appendices.
3.3 Crease k ×Rm
In this subsection, we will study the holographic entanglement entropy of crease region
k × Rm in asymptotic anti-de Sitter space time background. This is similar to the
cn × Rm in section (3.1) with n = 0. As before, we choose the bulk metric in the
form (1.6). Similar to pure AdS backgrounds, we pick σ = (ρ, θ, xi, z) as the induced
coordinates over the minimal surface, and parameterize the bulk minimal surface as
ρ = ρ(z, θ). So the induced metric on the bulk minimal surface in time slice t = 0
becomes
ds2 =
L2
z2
((
ρ
′2 +
1
f(z)
)
dz2 + 2ρ′ρ˙dzdθ + (ρ˙2 + ρ2)dθ2 +
m∑
i=1
(dxi)2
)
, (3.70)
where ρ˙ = ∂θρ, ρ
′ = ∂zρ. Now, the entanglement entropy is given by
SEE =
1
4GN
∫
dσ
√
γ =
Ld−1H˜d−3
4GN
∫ zm
δ
dz
∫ Ω
2
−ǫ
−Ω
2
+ǫ
dθ
1
zd−1
√
f
√
(fρ′2 + 1)ρ2 + ρ˙2
(3.71)
29
from which the equation of motion for ρ can be derived and is equivalent to (3.5) with
replacing n = 0.
For small deformation, we can make the following ansatz
ρ(z, θ) = ρ0 + δρ =
z
h(θ)
+ δfg(θ)z, f = 1 + δf (3.72)
with δf(z) = µ2αz2α. In the first order of perturbation, using equation of motion for
ρ0, we will find the following entropy functional
SEE =
Ld−1H˜d−3
4GN
∫ zm
δ
dz
∫ Ω
2
−ǫ
−Ω
2
+ǫ
dθ
[ R0
zd−1
− (ρ
2
0 + ρ˙
2)δf
2zd−1R0
+ ∂θ
( ρ˙0δρ
zd−1R0
)
+ ∂z
( ρ20ρ′0δρ
zd−1R0
)]
(3.73)
whereR0 =
√
ρ20(1 + ρ
′2
0 ) + ρ˙
2
0. Equation (3.73) is equivalent to (3.11) with n = 0. Now
by substituting the ansatz ρ(z, θ) = ρ0 + δρ =
z
h(θ) + zδfg(θ) in the above functional
we reach to following functional:
SEE =
Ld−1H˜d−3
2GN
(
I1 + I2 + I3 + I4
)
, (3.74)
where I1, I2, I3, and I4 defined as:
I1 =
∫ zm
δ
dz
zd−2
∫ Ω
2
−ǫ
0
dθ
√
1 + h2 + h˙2
h2
=
∫ zm
δ
dz
zd−2
∫ hc
h0
dh
√
1 + h2 + h˙2
h˙h2
I2 =
∫ zm
δ
dz
δf
2zd−2
∫ Ω
2
−ǫ
0
dθ
−(h2 + h˙2)
h2
√
1 + h2 + h˙2
=
∫ zm
δ
dz
δf
2zd−2
∫ hc
h0
dh
−(h2 + h˙2)
h˙h2
√
1 + h2 + h˙2
,
I3 =
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ∂θ
( ρ˙0δρ
zd−1
√
ρ20(1 + ρ
′2
0 ) + ρ˙0
2
)
=
∫ zm
δ
dz
δf
zd−2
−h˙g(θ)√
1 + h2 + h˙2
|h=hc
I4 =
∫ zm
δ
dz
∫ Ω
2
−ǫ
0
dθ∂z
( ρ20ρ′0δρ
zd−1
√
ρ20(1 + ρ
′2
0 ) + ρ˙0
2
)
=
∫ zm
δ
dz
zδf ′ − (d− 3)δf
zd−2
∫ hc
h0
dh
g
h˙h
√
1 + h2 + h˙2
(3.75)
where we have changed the integration variable to h(θ). We have also defined h0 = h(0)
and hc = h(
Ω
2 − ǫ) and used h˙0(0) = 0 in the getting the boundary terms.
By variation of SEE, we derived the equation of motions for h and g which are the
same as (3.7) and (3.8) with n = 0. Then to extract the logarithmic divergence, we
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must consider the asymptotic behaviors of h and g, where the later can be rewritten
from (A.34),
g(h) =
∑
i=0
e2ih
2i−2α−1 +
∑
i=0
h2i−1
[
d2i + ǫd(d˜2i log h+ · · · )
]
. (3.76)
where e’s and d’s are similar to c’s and b’s in section 3.1 and are derived for few
examples in Appendix A. Then it follows that
hc(δ) =
δ
H
+ (µH)2α
( δ
H
)2α+2
g(
δ
H
) (3.77)
Now we analyze the divergence of each one of the integrands (3.75). Near the
boundary, they in the asymptotic limit behaves as√
1 + h2 + h˙2
h˙h2
∼ − 1
h2
− 1
2
K2dh
2(d−2) + · · · , (3.78)
− h
2 + h˙2
h˙h2
√
1 + h2 + h˙2
∼ 1
h2
− 1
2
K2dh
2(d−2) + · · · , (3.79)
−h˙g√
1 + h2 + h˙2
∼ g(1− 1
2
K2dh
2(d−1) + · · · ), (3.80)
g
h˙h
√
1 + h2 + h˙2
∼ g(−K2dh2d−3 + (d− 1)K2dh2d−1 + · · · ). (3.81)
where Kd is the conserved quantity given in (2.62). Hence we can isolate the divergent
part of integrals in the following way:
I1 =
∫ zm
δ
dz
zd−2
∫ hc
h0
dh
√
1 + h2 + h˙2
h˙h2
=
∫ zm
δ
dz
zd−2
∫ hc
h0
dh[
√
1 + h2 + h˙2
h˙h2
+
1
h2
] +
∫ zm
δ
dz
zd−2
(
1
hc
− 1
h0
) (3.82)
Now we differentiate it with respect to UV cut-off δ and look for various divergent
terms. We find
dI1
dδ
= − 1
δd−2
∫ 0
h0
dh
[√1 + h2 + h˙2
h˙h2
+
1
h2
]
− H
δd−1
+
1
h0
1
δd−2
+
(µH)2α
Hd−2
{∑
i=0
[( δ
H
)2i−d+1
e2i +
( δ
H
)2α+2i−d+1
(d2i + d˜2i log(
δ
H
) + · · · )
]}
(3.83)
Similarly, we can find that
I2 =
∫ zm
δ
dz
δf
2zd−2
∫ hc
h0
dh
−(h2 + h˙2)
h˙h2
√
1 + h2 + h˙2
= −
∫ zm
δ
dz
δf
2zd−2
∫ hc
h0
dh
[ (h2 + h˙2)
h˙h2
√
1 + h2 + h˙2
+
1
h2
]
−
∫ zm
δ
dz
δf
2zd−2
(
1
hc
− 1
h0
)
(3.84)
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Then,
dI2
dδ
=
µ2α
2δd−2α−2
[ ∫ 0
h0
dh
( (h2 + h˙2)
h˙h2
√
1 + h2 + h˙2
+
1
h2
)
− 1
h0
]
+
µ2α
2
H
δd−2α−1
+ · · · .
(3.85)
For boundary term we find that
dI3
dδ
= −(µH)
2α
Hd−2
{∑
i=0
( δ
H
)2i−d+1[
e2i
]
+
∑
i=0
( δ
H
)2α+2i−d+1[
d2i + ǫd(d˜2i log(
δ
H
) + · · · )
]}
. (3.86)
and for I4,
dI4
dδ
=
(µH)2α
Hd−2
(2α− d+ 3)K2d
∑
i=0
[ 1
2α− 2d− 2i+ 3
( δ
H
)d+2i−1
e2i
+
(
δ
H
)2α+d+2i−1
(d2i(2α+ d+ 2i)β + d˜2i(3− 2α− 3d− 4i+ (2α + d+ 2i)β log( δH )))
β2(2α + d+ 2i)2
]
(3.87)
where β = (2d + 2i − 3). We can isolate the logarithmic terms for each of I1 to I4 as
follows:
1. I1:
• d = 2ℓ+ 2:
D1(ℓ) =
(µH)2α
Hd−2
e2ℓ log(
δ
H
) (3.88)
• 2α = d− 2ℓ− 2:
D2(ℓ) =
(µH)2α
Hd−2
(
d2ℓ log(
δ
H
) + ǫd(
1
2
d˜2ℓ log
2(
δ
H
) + · · · )
)
. (3.89)
2. I2:
• 2α = d− 2:
D3 =
µd−2
2
log(
δ
H
) (3.90)
3. I3:
• 2α = d− 2ℓ− 2:
D4(ℓ) = −(µH)
2α
Hd−2
(
d2ℓ log(
δ
H
) + ǫd(
1
2
d˜2ℓ log
2(
δ
H
) + · · · )
)
(3.91)
• d = 2ℓ+ 2:
D5(ℓ) = −(µH)
2α
Hd−2
e2ℓ log(
δ
H
) (3.92)
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There is no log contribution from I4 to the entanglement entropy. It is interesting that
D1 and D2 are respectively, the opposite of D5 and D4. So after collecting all terms,
the only universal logarithmic contribution to the entanglement entropy is acheived
when 2α = d− 2 as follows
∆S
(1)
EE =
Ld−1H˜d−3
2GN
(
D3 +D4(0)
)
, (3.93)
Note that 2α = d− 2 is equivalent to ∆ = (d+ 2)/2.
4 Conclusion
In this paper, we considered the effect of the relevant perturbation of a CFT on
the entanglement entropy and identified the logarithmic as well as double logarithmic
terms that may appear in the holographic entanglement entropy of a various higher
dimensional singular surfaces.
In the context of quantum filed theory, the entanglement entropy is UV divergent
due to the short range correlations in the vicinity of the entangling surface. In general,
the EE contains power law divergent terms. The coefficients of these terms are scheme
dependent and sensitive to the details of the UV regulator δ. But, there are sub-
heading contributions that are logarithmic, and their coefficients are universal which
characterizing the underlying theory.
There are various logarithmic terms which may appear in the EE, and each of
them has a separate source. In general, the appearance of these terms depends on the
dimension of space time, the geometry of entangling surface, and features of the under-
lying theory. For example, in the vacuum state of the even dimensional CFT with a
smooth entangling surface, the EE contains a logarithmic term such that its coefficient
is some linear combination of central charges that appearing in the trace anomaly of
the CFT . In an odd dimensional CFT there is no such logarithmic contribution.
Another kind of the logarithmic term that may be appear is due to a singularity of
the entangling surface and independent of dimension of space time. It was shown in
[28, 30, 32] and section 2 of the present paper, the singularity of the entangling surface
induces a logarithmic or double logarithmic terms, depending on the dimension of
space time. As an example, for 3d CFT s, there appears a universal logarithmic term
of the entanglement entropy which its coefficient corresponds to the central charge of
the theory and is universal for general three dimensional CFT s.
As was noted out in the introduction, similar universal logarithmic contribution
appearers due to the relevant perturbation of a CFT . The holographic and field
theoretic calculations shows that the EE receives a logarithmic correction when the
underlying CFT is perturbed with the scaling dimension ∆ = (d+2)/2. As was shown
in [42] for smooth case and in [48] for singular case in d = 3, a new logarithmic term
appears which corresponds to a relevant perturbation of the CFT with a coefficient
depending on the scaling dimension ∆ of the relevant operator.
The importance of these universal contribution lies in that the contribution of
these terms is universal in the sense that is independent of the precise details of the
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UV regulator, and their coefficients are encode universal data which help us to probe
the characteristics of the underlying theory.
In order to consider the effect of the relevant perturbation in higher dimensional
singularity, we chose the singular regions in the form cn, k × Rm and cn × Rm. We
observed that as well as a new logarithmic term, which is unique to relevant perturba-
tion, the double logarithmic term appear that depend on the scaling dimension of the
relevant operator ∆.
In the case of higher dimensional singular surfaces we found that a perturbation
with relevant operator with some scaling dimension ∆ = yields a universal contribution
in the double logarithmic form. The explicit computations in d = 5, 6 confirm of our
claim.
Due to universality and scheme independent of logarithmic terms, we only identified
these terms and released the power law divergent terms may be appear in the form
1/δq or log
pδ
δq
.
All previous computations in smooth case [42] and our results in the singular case
in d = 3 [48], and higher dimensions expresses this point that the effect of relevant
perturbation is producing the logarithmic or double logarithmic terms, in descrete
values of α, with respect to the scaling dimension of the relevant operator.
Finally, it would be interesting to investigate these divergence structures in higher
derivative theories similar to [20, 51, 52, 53].
Acknowledgment MG would like to thank Sepideh Mohammadi for encour-
agement and valuable comments.
Note added Before submission of this article, we received article [54] which has
some overlap with this work.
A Solving Equations of y and g
To solve y equation, firstly note that it is symmetric under h → −h, Thus the series
solution of y includes either odd or even powers of h. However, we know y(0) =
sin(Ω/2), so we have even expansion:
y(h) = sin
Ω
2
+ a2h
2 + a4h
4 + · · · (A.1)
Substituting in (3.18), and trying to find a2k coefficient, one finds the lowest term in
which it appears,[(1
2
k(2k − d) csc(Ω
2
) sin2(Ω)
)
a2k + f(a2i)
]
hk−1 + · · · = 0 (A.2)
where f(a2i) is a known combination of a2i’s with i < k. The term in the bracket should
be set zero to find a2k in terms of lower order terms a2i’s. However, it is singular for
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d = 2k. We therefore use (A.1) only for odd dimensions and find few coefficients as
follows,
a0 = sin
Ω
2
(A.3)
a2 =
n cos(Ω2 ) cot(
Ω
2 )
4− 2d (A.4)
a4 = −
n csc5(Ω2 )
[(
(d− 2)2 − 2n
)
n+
(
2(d − 2)2 − (d− 2)dn + 2n2
)
sin2(Ω2 )
]
sin2(Ω)
32(d − 4)(d − 2)3 .
(A.5)
For even dimensions, d = 2k, we consider the following expansion:
y(h) =
∑
i=0
a2ih
2i + log h
∑
i=k
a˜2ih
2i + (log h)2
∑
i=k
aˆ2ih
2i + · · · . (A.6)
This is a double sum in powers of h and log h. For d = 4, we have n = 1 and find
y = sin(
Ω
2
)− cos(
Ω
2 ) cot(
Ω
2 )
4
h2 + · · ·
+ log h
[ 1
64
(3− cos Ω) csc(Ω
2
) cot2(
Ω
2
)h4 + · · ·
]
+ (log h)2
[
− (5 cos Ω + 9)
(
cos
(
3Ω
2
)− 5 cos(Ω2 ))2 csc7(Ω2 )
131072
h8 + · · ·
]
+ (log h)3
[(3− cos Ω)3 cot4(Ω2 ) csc5(Ω2 )
81920
h10 + · · ·
]
+ · · · . (A.7)
For d = 6, a0 to a4 are the same as (A.3) to (A.5) and the first logarithmic term is
a˜6 =
n(n− 4)
98304
(
− 576 + 176n + 4n2 + 21n3 + 4(192 − 96n− 16n2 + 7n3) cos Ω
+ (−4 + n)2(−12 + 7n) cos(2Ω)
)
cot2(
Ω
2
) csc3(
Ω
2
) (A.8)
Now we can solve g equation. Firstly, rewrite (3.19) in the following standard form,
g′′(h) +G1(h)g
′(h) +G2(h)g(h) = G(h) (A.9)
To find the general solution, we firstly need to solve the homogeneous equation by
setting G(h) = 0.
g′′(h) +G1(h)g
′(h) +G2(h)g(h) = 0 (A.10)
Since G1(h) and G2(h) depend on y(h), so we need to consider odd and even dimensions
separately. For odd dimensions, we take a series solution as,
g(h) = hx(c0 + c1h+ c2h
2 + · · · ) (A.11)
Plugging into the homogeneous equation (A.10), in the lowest order we solve for x to
find
x1 = −2α− 3, x2 = −2α− 3 + d. (A.12)
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Now consider x = x1, a series solution can be found as
g1(h) =
1
h2α+3
[
1 +
h2
(d− 4)(d − 2)2(−1 + cos Ω)
(
− (1 + a)(−4 + d)(−2 + d)n
− (2 + a(1 + 2a)(d − 4)− d)(d− 2)− n2 +
(
(2 + a(1 + 2a)(d − 4)− d)(d − 2)
+ (d− 2)(d − 2 + a(d− 4))n − n2
)
cos Ω
)
+ · · ·
]
. (A.13)
For x = x2,
g2(h) =
1
h2α+3−d
[
1 +
h2
2(d2 − 2d− 8)(d− 2)2(−1 + cos Ω)
(
4a2(d− 4)(d− 2)2 + d5
− 2a(d− 4)(d − 2)2(2d− n− 1)− d4(9 + n)− d3(n2 − 10n− 30) − 4(n2 + 8n− 4)
+ 2d(n2 + 28n + 4) + d2(3n2 − 36n − 40)−
(
4a2(−4 + d)(−2 + d)2 + d5
− 2a(d− 4)(d − 2)2(2d− n− 1) + 4(n− 2)2 − d4(9 + n) + d(8 + 24n− 2n2)
+ d3(n2 + 6n+ 30) − d2(3n2 + 16n + 40)
)
cosΩ
)
+ · · ·
]
(A.14)
For a generic α, these two solutions are linearly independent. So we can find the general
solution to the inhomogeneous equation (A.9) as
g(h) = u1(h)g1(h) + u2(h)g2(h) (A.15)
where
u1 = −
∫
g2(h)G(h)
W [g1, g2]
dh+ C1
u2 =
∫
g1(h)G(h)
W [g1, g2]
dh+ C2 (A.16)
with C1 and C2 are integration constants and W is the Wronskian,
W [g1, g2] = g
′
1g2 − g2g′2. (A.17)
It follows that,
g(h) = C1g1(h) + C2g2(h) +
d− α− 2
2(α + 1)(2 + 2α − d)h
+
h
(2((1 + α)(2 + α)(2 + 2α− d)(4 + 2α− d)(d− 4)(d − 2)2(−1 + cosΩ)))
×
(
α(d− 1)(−2d2 + d(8 + (2 + α)n2)− 2(4 + (3 + 2α)n2)
+ (8− 2d2(n− 1)− 8n− 2(3 + 2α)n2 + d(−8 + 8n + (2 + α)n2)) cos Ω)
)
+ · · · .
(A.18)
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Recall that g was defined in (3.6) through ρ and the latter should be finite as h → 0.
This can be considered as a boundary condition on g and implies C1 = 0. We therefore
summarize the solution as
g(h) =
∑
i=0
[
c2ih
2i+d−2α−3 + b2ih
2i−1
]
(A.19)
where the first term corresponds to C2g2. Let us remind that this result is found for
generic α, while in (A.16) integrations may produce some logarithmic terms for some
special values of α. To find any log term, let us rewrite integrals of (A.16) as the
following formal expansions,
u1 = −
∑
i=0
∫
h1+2α(α2ih
2i)dh
u2 =
∑
i=0
∫
h1+2α−d(β2ih
2i)dh (A.20)
Then in the second line, if we choose 2α = d − 2j − 2 where j is some nonnegative
integer, a logarithmic term shows up as,
u2 = β2j log h+ · · · (A.21)
This is not the case for u1 since α is supposed to be positive. We therefore modify
(A.19) as
g(h) = ξαjb2j log h+
′∑
i=0
[
c2ih
2i+d−2α−3 + b2ih
2i−1
]
(A.22)
where ξαj = δ2α,d−2j−2 and prime on the summation indicates excluding b2j term.
For even dimensions, we consider d = 4 for simplicity and regarding y expansion
in (A.6), we expect g includes logarithmic terms. We therefore suggest the following
expansion for the homogeneous equation (A.10),
g(h) = hx
(
c0 + c1h+ c2h
2 + c3h
3 + · · ·+ (c˜0 + c˜2h2 + · · · ) log h+ · · ·
)
(A.23)
Plugging into (A.10) gives either x = x1 = −3 − 2α or x = x2 = 1 − 2α and corre-
sponding solutions respectively are,
g1(h) = h
−3−2α
[(
1 + (α2 + α+
5
16
+
5
16
csc2
Ω
2
)h2 + · · ·
)
+ log h
( (3− cos Ω)
4(1− cos Ω)h
2
+
1
8
(
a
(−8a3 + 7a+ 2)+ a(a+ 2) csc2(Ω
2
) + csc4(
Ω
2
)− 2
)
h4 + · · ·
)
+ (log h)2
( 1
64
(cos Ω− 3)2 csc4(Ω
2
)h4 + · · ·
)
+ · · ·
]
, (A.24)
g2(h) = h
1−2α
[(
1−
(37
48
− α+ α
2
3
− 19
48
csc2
Ω
2
)
h2 + · · ·
)
+ log h
( (3− cos Ω)
4(1− cos Ω)h
2
− 1
768
(cos Ω− 3) csc4(Ω
2
)((16(a − 3)a+ 79) cos Ω− 16(a− 3)a− 29)h4 + · · ·
)
+ (log h)2
( 1
64
(cos Ω− 3)2 csc4(Ω
2
)h4 + · · ·
)
+ · · ·
]
. (A.25)
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Now we apply the same procedure as (A.15) and (A.16) to find the general solution to
the inhomogeneous equation (A.9) as follows,
g(h)|(d=4) = C1g1(h) + C2g2(h) +
−2 + α
4(1− α2)h
+
3h
(−2α3 − α2 + 2α− 4 + (2α3 + 11α2 + 10α − 4) csc2(Ω2 ))
64α(α + 2)2 (α2 − 1)
+
3(cos Ω− 3) csc4(Ω2 )
256(α2 − 1)α(α + 2)2(α+ 3) log h
×
[
− 4α(α + 2)(α+ 3)(1 − cos Ω)h
+
( (
α4 − 5α3 − 22α2 − 18α− 3) cos Ω + (α4 + 5α3 − 4α2 − 14α+ 9) )h3]
+
3(cos Ω− 3)2 csc4(Ω2 )
256(α2 − 1)(α + 2) h
3 log2 h+ · · · . (A.26)
Again, we should put C1 = 0. Similar to odd dimensions, the above result is for a
generic α and not valid for α = 1. In the latter case, we find.
g(h)|(d=4,α=1) = −
1
16h
+
h
(
95 csc2(Ω2 )− 97
)
2304
+ · · ·
+ log h
( 1
4h
+
1
96
h(cos Ω + 9) csc2(
Ω
2
) + · · ·
)
+ log2 h
( 1
32
h(cos Ω− 3) csc2(Ω
2
) + · · ·
)
+ log3 h
( 1
256
h3(cos Ω− 3)2 csc4(Ω
2
) + · · ·
)
· · · . (A.27)
We summarize the results for d = 4 as,
g(h)|(d=4) =
∑
i=0
b2ih
2i−1 + log h
∑
i=0
b˜2ih
2i−1 + (log h)2
∑
i=0
bˆ2ih
2i−1 + · · · . (A.28)
Then we take d = 6 and n = 1. Similar procedure gives,
g(h)|(d=6) = C1g1(h) + C2g2(h)−
α− 4
4(α − 2)(α + 1)h −
5αh((α + 3) cos(Ω) + α− 13)
128 (α4 − 5α2 + 4) (cos(Ω)− 1)
+
45h3 log(h)(116 cos(Ω)− 15 cos(2Ω)− 125)(4 cos(Ω)− cos(2Ω)− 3) csc8 (Ω2 )
65536(α − 2)(α + 1)(α + 3)
+
405h7 log2(h)(−116 cos(Ω) + 15 cos(2Ω) + 125)2 csc8 (Ω2 )
33554432(α − 2)(α + 1)(α+ 3) + · · · . (A.29)
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Here, the exceptional cases are α = 1 and α = 2,
g(h)|(d=6,α=1) = −
3
8h
+ h
(
421 cos(Ω)
2304(cos(Ω)− 1) +
193 csc2
(
Ω
2
)
1536
)
+ · · ·
+ log h
( 5
96
h(csc2(
Ω
2
) + 1) + · · ·
)
− 15h
5 log2 h(961 cos(Ω)− 206 cos(2Ω) + 15 cos(3Ω)− 866) csc6 (Ω2 )
524288
+ · · · . (A.30)
g(h)|(d=6,α=2) = −
1
18h
+
(269 cos(Ω) + 61) csc2
(
Ω
2
)
18432
h+ · · ·
+ log h
( 1
3h
+
5
768
h(5 cos(Ω)− 11) csc2(Ω
2
) + · · ·
)
+ log2 h
(3h3(−116 cos(Ω) + 15 cos(2Ω) + 125) csc4 (Ω2 )
4096
+ · · ·
)
(A.31)
For n = 2 in d = 6 dimension, we find similar results.
So far, we derived solutions to (3.19) for cn ×Rm geometry. The case of cn can be
reached by replacing m = 0 and n = d− 3 in the above results. For k×Rm, by similar
procedure, we find for odd dimensions,
g(h) = C1
(
h−2α−d−1 −
(−4α2 − 2α− d2 + 3d− 2)
2(d− 2) h
−2α−d+1 + · · ·
)
+ C2
(
h−2α−1 − h−2α+1
(
2α2 − 2αd+ α− d+ 1)
d+ 2
+ · · ·
)
− 1
2h(2α + d)
+
(d− 1)2h
2(α + 1)(2α + d)(2α + d+ 2)
+ · · · (A.32)
Of course we should set C1 = 0. For even dimensions, we consider d = 4,
g(h)|(d=4) = C2
[
h−2α−1 +
(
−α
2
3
+
7α
6
+
1
2
)
h−2α+1 + · · ·
+ log h
( 1
24
(
8α6 − 36α5 + 14α4 + 21α3 − 4α2 − 3α) h−2α+5 + · · ·)]
+
1
4(α + 2)h
− 9h
8(α + 1)(α + 2)(α + 3)
+ · · ·
− log h
( α2 (4α3 − 4α2 − α+ 1)
6144(α + 2)(α + 5)(α + 7)
× (8α6 − 132a5 + 710α4 − 1515α3 + 1082α2 + 297α − 288K2d − 270) h9 + · · · )
(A.33)
Therefore the formal expansion of g can be written as,
g(h) =
∑
i=0
e2ih
2i−2α−1 +
∑
i=0
h2i−1
[
d2i + ǫd(d˜2i log h+ · · · )
]
. (A.34)
in which several coefficients may be vanishing.
39
B Integrands Expansions
In this appendix, we find asymptotic series in (3.23) for integrands of the entanglement
entropy. It can be done simply by substituting,
h˙ =
√
1− y2
y˙(h)
sin(θ) = y(h) (B.1)
and using the series solution for y in (A.1) and (A.6) in odd and even dimensions,
respectively. For odd dimensions, we have,
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
∼
∑
i=0
Pn−2i+2
1
hn−2i+2
(B.2)
with
Pn+2 =− sinn(Ω
2
), Pn =
n2(d− 3)
8(d− 2)2 sin
n−4(
Ω
2
) sin2(Ω),
Pn−2 =− n
2
16(d − 4)(d − 2)4
[
d3(2− 2n+ n2)− 2d2(6− 8n + 5n2)− 8(2 − 4n+ 5n2)
+ d(24− 40n + 33n2) + (d2(12 + 20n− 10n2) + 8(2 + 6n− 5n2)
+ d3(−2− 2n+ n2) + d(−24− 56n + 33n2)) cos(Ω)
]
cos2(
Ω
2
) sinn−4(
Ω
2
)
(B.3)
Similarly,
− sinn(θ)(h2 + h˙2)
h˙hn+2
√
1 + h2 + h˙2
∼
∑
i=0
Qn−2i+2
1
hn−2i+2
(B.4)
where
Qn+2 =sin
n(
Ω
2
), Qn =
(d− 1)n2
8(d− 2)2 sin
n−4(
Ω
2
) sin2(Ω),
Qn−2 =
n2
16(d − 4)(d − 2)4
(
− 8(10 − 4n+ n2) + d3(2− 2n+ n2)− 2d2(14− 8n+ 3n2)
+ d(88 − 40n+ 13n2) + (d2(28 + 4n− 6n2) + d3(−2− 2n + n2)
− 8(−10 + 2n + n2) + d(−88 + 8n + 13n2)) cos Ω
)
cos2(
Ω
2
) sinn−4(
Ω
2
) (B.5)
and
− sinn(θ)h˙g
hn
√
1 + h2 + h˙2
∼ g(h)
∑
i=0
Mn−2i
1
hn−2i
(B.6)
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where
Mn =sin
n(
Ω
2
),
Mn−2 =
(d− 1)n2 sin2(Ω) sinn−4 (Ω2 )
8(d− 2)2 ,
Mn−4 =
n2
16(d − 4)(d − 2)4
(
d2(36 + 16n − 6n2)− 8(−6− 4n+ n2) + d3(−6− 2n+ n2)
+ d(−72− 40n + 13n2) + (d2(−36 + 4n− 6n2) + d3(6− 2n+ n2)
− 8(6 + 2n+ n2) + d(72 + 8n + 13n2)) cos Ω
)
cos2(
Ω
2
) sinn−4(
Ω
2
) (B.7)
sinn(θ)g
h˙hn+1
√
1 + h2 + h˙2
∼ g(h)
∑
i=0
Nn−2i−1
1
hn−2i−1
(B.8)
Nn−1 =
n2
4(d− 2)2 sin
n−4(
Ω
2
) sin2(Ω),
Nn−3 =
−n2
4(d− 4)(d − 2)4
(
d(16 − 5n2) + d2(−4 + n2) + 8(−2 + n2) + (d2(−2 + n)2
+ d(−16 + 16n− 5n2) + 8(2 − 2n+ n2)) cos Ω
)
cos2(
Ω
2
) sinn−4(
Ω
2
) (B.9)
In even dimensions, we need to include logarithmic terms in the expansions. Let
us demonstrate it for d = 4,
sinn(θ)
√
1 + h2 + h˙2
h˙hn+2
∼
∑
i=0
(
Pn−2i+2 + P˜n−2i+2 log h+ Pˆn−2i+2 log
2 h+ · · ·
) 1
hn−2i+2
(B.10)
with taking d = 4 and n = 1,
P3 =− sin(Ω
2
), P1 =
1
8
cos(
Ω
2
) cot(
Ω
2
),
P−1 =
1
256
(11 cos Ω + 3) cot2(
Ω
2
) csc(
Ω
2
),
P˜−1 =− 1
64
(cos Ω− 3) cot2(Ω
2
) csc(
Ω
2
),
P−3 =
1
147456
(836 cos Ω + 469 cos(2Ω) + 79) cot2(
Ω
2
) csc3(
Ω
2
),
P˜−3 =
−1
1536
(−16 cos Ω + cos(2Ω) + 31) cot2(Ω
2
) csc3(
Ω
2
),
Pˆ−3 =
−1
512
(cos Ω− 3)2 cot2(Ω
2
) csc3(
Ω
2
). (B.11)
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Similarly,
− sinn(θ)(h2 + h˙2)
h˙hn+2
√
1 + h2 + h˙2
∼
∑
i=0
(
Qn−2i+2 + Q˜n−2i+2 log h+ Qˆn−2i+2 log
2 h+ · · ·
) 1
hn−2i+2
(B.12)
where
Q3 =sin(
Ω
2
), Q1 = −3
8
cos(
Ω
2
) cot(
Ω
2
),
Q−1 =
1
256
(37− 19 cos Ω) cot2(Ω
2
) csc(
Ω
2
),
Q˜−1 =
1
64
(−3)(cos Ω− 3) cot2(Ω
2
) csc(
Ω
2
), (B.13)
Q−3 =− 1
147456
(−17092 cos Ω + 811 cos(2Ω) + 14641) cot2(Ω
2
) csc3(
Ω
2
),
Q˜−3 =− 1
384
(−65 cos Ω + 8 cos(2Ω) + 59) cot2(Ω
2
) csc3(
Ω
2
),
Qˆ−3 =− 1
512
(cos Ω− 3)2 cot2(Ω
2
) csc3(
Ω
2
). (B.14)
and
− sinn(θ)h˙g
hn
√
1 + h2 + h˙2
∼ g(h)
∑
i=0
(
Mn−2i + M˜n−2i log h+ Mˆn−2i log
2 h+ · · ·
) 1
hn−2i
(B.15)
where
M1 =sin(
Ω
2
), M−1 =
1
8
(−3) cos(Ω
2
) cot(
Ω
2
),
M−3 =
1
256
(13 cos Ω + 5) cot2(
Ω
2
) csc(
Ω
2
),
M˜−3 =− 3
64
(cos Ω− 3) cot2(Ω
2
) csc(
Ω
2
),
M−5 =
1
147456
(3268 cos Ω + 341 cos(2Ω) − 1969) cot2(Ω
2
) csc3(
Ω
2
),
M˜−5 =− 1
384
(−17 cos Ω + 2 cos(2Ω) + 17) cot2(Ω
2
) csc3(
Ω
2
),
Mˆ−5 =−
(
cos
(
3Ω
2
)− 5 cos(Ω2 ))2 csc5(Ω2 )
2048
. (B.16)
sinn(θ)g
h˙hn+1
√
1 + h2 + h˙2
∼ g(h)
∑
i=0
(
Nn−2i−1 + N˜n−2i−1 log h+ Nˆn−2i−1 log
2 h+ · · ·
) 1
hn−2i−1
,
(B.17)
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N0 =
1
4
cos(
Ω
2
) cot(
Ω
2
),
N−2 =
1
32
(cos Ω− 5) cot2(Ω
2
) csc(
Ω
2
),
N˜−2 =
1
16
(cos Ω− 3) cot2(Ω
2
) csc(
Ω
2
),
N−4 =
1
8192
(−996 cos Ω + 19 cos(2Ω) + 809) cot2(Ω
2
) csc3(
Ω
2
),
N˜−4 =
1
512
(−92 cos Ω + 11 cos(2Ω) + 89) cot2(Ω
2
) csc3(
Ω
2
),
Nˆ−4 =
1
1024
(
cos(
3Ω
2
)− 5 cos(Ω
2
)
)2
csc5(
Ω
2
). (B.18)
It is worth mentioning that in each expansion, the coefficients of terms with h
degrees lower than the first log term are the same in odd and even dimensions. Also
note that nonvanishing coefficients of log and log2, in the series expansions in (B.10),
(B.12), (B.15) and (B.17), start from i = 2 and i = 3, respectively.
Similar calculation in d = 6 with n = 1 shows that
P˜i = 0 for i > −3, Pˆi = 0 for i > −7 (B.19)
Q˜i = 0 for i > −3, Qˆi = 0 for i > −7 (B.20)
M˜i = 0 for i > −5, Mˆi = 0 for i > −9 (B.21)
N˜i = 0 for i > −4, Nˆi = 0 for i > −8 (B.22)
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